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EXTENSION OF PENCIL OF FUNCTIONS METHOD TO REVERSE-TIME

PROCESSING WITH FIRST-ORDER DIGITAL FILTERS

I. INTRODUCTION

Signal representation and approximation is basic to (a) time-domain

extraction of singularities of a scatterer's field pattern. It is also

useful in (b) bandwidth compression of signals, and (c) time-domain measure-

ment and testing of networks/channels. This report discusses a unified

approach to representing or approximating a given empirical signal by sum

of exponentials, i.e., for finding the right hand side of

n it n Wih di(t) h_ t -_ W i__E _- X

i-1 Ji i

!=-ln-+ n  8sn-2+..+ 0

n + n- 1 + .... + ao

or, equivalently, the right hand side of the sampled version

n k  n Ri
hd(k) = h(k) =Z Ri~ () 4-9- H(z) = E i-l

iai i-i (l-Z iz)

-l -n+1
b+ b1 z-+ ... bnlZ

1+a 1 zl+... + anz

The poles Xi (or yi in z-domain) are either real, or they occur in complex

conjugate pairs.

In the method described here, the data signal is processed in reverse-

time by a cascade of first order digital filters - each ;j(z) - 1/(l-qz- ),

to yield a family of information signals. The Gram matrix G of these infnr-

mation signals is shown to contain the essedtial information on the denominator

parameters of l(z). Specifically, it is shown that A(z) is determined as



Znn+l

A(z) AD- [£ (z-1), -i/ADP

where D, are the diagonal cofactors of the matrix G. The numerator para-

meters are then determined using a least-squares fit, i.e., b - - P v,

where P and v are defined in the paper.

The entire procedure is thus noniterative and computationally efficient.

It is a further generalization of the method developed in (4]. Examples

presented demonstrate (i) noiseworthiness in the representation problem

when data are corrupted by noise and (ii) the effectiveness of the method

in the approximation problem. Comparison of the method with the maximum

entropy method (or linear predictor) and the Prony method is also included

in the report.

The structure of the report is as follows. The fundamental results

relating to the signal representation/approximation problem, through the

use of reverse-time processing by first-order digital filters, are obtained

in Chapter i. The important question of parallelism and orthogonality of

the information signals is explored in Section III. Chapter IV gives the

input description and user instructions for the program POF-FILTER which

implements the method of Chapter II. Application examples as well as com-

parison with other methods, are given in Section V. Appendices A gives

listing and description of program POF-FILTER and its routines. Appendices

B and C contain the computer outputs relating to Example 1 and Example 2,

respectively, of Section V.
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SECTION II

FIRST-ORDER FILTER BASED PENCIL-OF-FUNCTIONS

METHOD FOR MDDELING IMPULSE RESPONSES

We shall be interested in modeling the impulse resonse [1]-[3]

n(z) b1 z - + b -n
y(k) E R. k BW 1 nL-l(i j A(z) 1+ a I z-l+ .. + a z - (i

a1 n

from its numerical data. Suppose a suitable K has been selected such that

y(k) - 0 for k > K (so that use of the upper limit K instead of - on suma-

tions may be permitted). We define the reverse-time first-order filtered

signals as

yl(k) - y(k)

Y2 (k) - qy2 (k+l) + yl(k) (2)

YN(k) - qyN(k+l) + yn (k)

where N-n+l, and y i(K+l)-O for i-l,2,..,N. Further, 0 < q < 1.

This family of signals, which we shall call information signals,

exhibits the interesting property stated below.

Lemma 1

k) (k n R (zL)k (3)
-1 (1-q z)

Proof: We prove this by induction. For i-0 the statement is trivially

true since it is identical to (1) for this case. Assuming it to be true

for i-l, let us proceed to prove it is true for i.

From (2)

Yi+l(k) - qyi+l(k+l) + yi(k) 
(4)

ik . .. .... 3



which is readily shown to be equivalent to

Yi+l (k) . qV-k Yi()
v-k

n RL Voq -k z V)
n q (from induction

Z-1 (1-q z -) v-k hypothesis)

n R k v-k v-k
E tZ q (z2,

1-l (1-q z 1) v-k

The result of equation (3) follows immediately by observing that

v-k (z)V-k 1
Z q (2,) -(l-q z2,)v-k

This Lemma leads us to the crucial observation stated next.

Lemma 2

The set

(qzm-l)Y2 +'Yl, (qzm-l)Y3 + Y2, ... , (qzm-l)YN + yn (5)

is linearly dependent for m-l,2,...,n where zm are the poles of the right

hand side of (1).

Note: We have used the notation yi to denote the sequence {yi(k)},

k-0,1,2 ....

Proof: In view of (3) we find

n q(z m  z)Rz k

(qzm-l)yi+l(k) + yi(k) - Z (z (6)1 =1 (1-q z.) i

for i-,2,...,n. Clearly, the sequences (qz%-l)Yi+l+Yi , i-l,..., n

keach contain only n-l modes (zZ)k , t m hence are linearly dependent.

We can now apply the pencil-of-functions theorem of reference [4]

to obtain the central theoretical result of this section.
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We will call z (see (1)) the poles of the impulse response, Rz the

corresponding residues, and pi- {(z) kI the associated modes. Note that

the poles occur in conjugate pairs whenever complex, as do the residues,

since y is real.

Define the N x N dimensional Gram matrix (recall, N-n+l) [6]

<yl I l> ." <YI YN>

Ki F = ,<yi,Yj> E yi (k)Y 1(k) (7a)

f LIy;~y>j <FNFN>lk=l

or, equivalently,

KT
F = Z f(k)f (k) (7b)

k-l

where f T(k) - [y Y2 (k) .... yN(k)].

Theorem 1

The poles o the impulse response y(k) must satisfy the equation

N N-i
Z "/Di  (qz-l) - 0 (8)

i=I

where Di are the diagonal cofactors of the Gram matrix F (defined in (7)

Proof: The theorem follows immediately upon application of the pencil

of functions theorem (reference [4]) to the set (5).

Note that the denominator of transform of the impulse response

is given by
A(z) - D (qz) n  (qz-1) N-i (9)

A~) D1 (q)ID 9

This follows from (8) by dividing through by zn and by normalizing the

coefficients so that the leading coefficient becomes unity.

5



Determination of the denominator polynomial A(z) completes the first

of the two steps in the decoupled pencil-of-functions method. The next

step, finding the numerator coefficients in B(z), or equivalently finding

the residues Ri. can be accomplished in two alternative ways.

The first method consists in solving for the residues from the

equation1

S11 .. 1
R y (0)

--qz1  l-qz2  l-qzn  1 2

1 1 1

222 R 2y3 (0)
(l-qz,)S (I-qz2) (l-qzn)

(1-qz1) N (1-qzN (1-qz )N Rn

This equation follows from (3) upon setting k-0 and letting i range from

1 to n. Clearly, the use of this equation requires that the poles z be

determined from the denominator A(z) by use of a root-finding routine.

This requirement is of no consequence if the final answers are needed in

the s-domain, for conversion to s-domain involves finding the roots of

A(z) anyway.

The alternative approach is to find the optimum least-squares

numerator coefficients (given the denominator of (9)) through the equation

1 The equation corresponding to 1-0 is ignored in formulating (10) because
of the relatively poor signal/noise statistics of yl(0) (compared to,
say, Y2 (0)) when the impulse response data contain additive wideband
noise. This statement assumes that the bandwidth of y(k) is much
smaller than that of the additive noise.

6
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<Wlt wl> <Wig w2> <wI w1n> b I  <Y, w>

<w2 w2 ... w2Wn > b 2  <Y, w2 >

<w2 w > <w2 w2> ... <W2 wn> Y

_ 1>n 2 a n~ n,

where wi denotes the impulse response of z /A(z). Note that wi(k)-w(k-i)

where w(k) is the impulse response (i.e., inverse z-transform) of I/A(z).

All inner products are summed from k-0 to K.

Discussion

Equations (9) and (11) have been implemented in a computer program

"POF-FILTER" written in FORTRAN IV. The program is presented in Section

III.

The idea of reverse-time integration was proposed by Carr in [7]

and Jain in [8]. Here, we have generalized the concept of reverse-time

processing to the case of first-order filter processing. Note that the

first order filter 1/(l-qz-), used above, encompasses integration; just

let q-1.

It should be borne in mind that the approach developed above is

applicable to impulse responses only. With some effort, it may be modified

for use to step responses and square-pulse responses. For more general

inputs, however, one must use the coupled approach dicussed in [9] (which

of course involves greatly increased computations, e.g., the Gram matrix

involved is of an order twice as high as in the decoupled procedure).

The decoupled approach can be used only if the data is of sufficient

length K such that y(k>K)mO for all practical purposes.
7



The reverse-time processing of y(k) through the first order filters

can be interpreted as forward-time processing of the signal h(k)=y(K-k)

through the same filters.

The use of square-roots of cofactors of the Gram matrix is analogous

to the use of square-root factorization [ 101 of the Gram matrix. Attendant

advantages are therefore expected to be realized. A more detailed analysis

of this connection will be discussed elsewhere.

The transfer function of the first order filter used in equation (2)

is i(z)- 1/(1-qz- ). Instead, we could use filters with transfer funnction

I (Z)- (1-q)/(l-qz- ); these filters have a d.c. gain equal to unity and

the ratio of the output power to the input power is a direct measure of

the extent of the rejection of higher frequencies. Equation (9) remains

valid even when these unity d.c. gain filters are used.

Note that the first-order filtering (in reverse time) Is achieved

in (2) recursively, without the need to carry out discrete convolution.

8
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SECTION III
PARALLELISM AND ORTHOGONALITY OF INFORMATION SIGNALS

Here we consider the important matter of parallelism and orthogonality

of the information signals. In the last section we processed the signal

h(k)i y(K-k) through first order filters Ul(z)-(l-q)/(l-qz-). This is

depicted in Fig. 1. Note that forward time processing of h(k) is equivalent

to reverse-time processing of y(k). Because of familiarity with forward-

time processing we will carry out the discussion below in terms of the

signal h(k). Also note that hi(k)-yi((K-k) , i-l,2,..,N. Finally, we

remark that the Gram matrix and the properties of parallelism/orthogonality

of the two families of signals h1 ,h2 ,...,hN and ylY2,...,yN are identical.

Indeed, <hi, hi> = <Yit Yi> and <hit hj> - <Yi, YJ> for i,Jml,2,...,N.

h(k)-hl (k) 2 h N
UI() . -W . Ut(z) -

Fig. 1. Generation of information signals
by use of first-order filters.

The magnitude (vs. frequency) characteristic of the first order filter

U (z) is shown in Fig. 2. The cutoff frequency (- 3dB point) wc is related

to the parameter q as (5]

W " Ln(-) (12)
c A q

where A is the sampling interval. Defining 0 as the normalized frequency

(i.e., the ratio w/ws where w is the sampling frequency in radian/s)

we can express the normalized cutoff frequency Sl as
c

c 2 i

9



jul~ewa~l1
-20 - 0.01

dB -40

-60

80 o 0. lw w low loOW ~ loOW
C c 15

Fig. 2. Magnitude characteristic of ill(z Wnlq-

0.075

0.05

0.025

0.6 0.7 0.8 0.9 1.0

- q b

Fig. 3 Normalized cutoff frequency vs. parmeter q

The normalized cutoff frequency n c is plotted against the filter

parameter q in Fig. 3.

To analyze the parallelism/--thogonality (PO) properties of the

information signals let us define the connection filters

M 0 (z ) - 1 ,- , , . , ( 1 4 )

10



so that we may write

R (z) = Mi(z) Hi(z) (15)

Note that H i(z) is an i-pole filter with a pole of multiplicity i at z-q.

The magnitude characteristic of the filters H0 ,...,M 4  are shown in Fig. 4

for q-0.8.

0 dB 1.0

-5 F .
0.5

- I 0 i : 0 . 2 5 0
i IL*~-10 0.10

C 0.05
-15

-20 1.0c.01
O. Ic 1 c 10.0

Fig. 4. Magnitude vs. Freq. of connection filters

We nov present an approximate, and somewhat heuristic, analysis of

the PO properties of the family of information signals.

Approximations -

We approximate the magnitude characteristics of the connection

filters Mi as shown in Fig. 5a.

The phase properties of Hi will be ignored (assumed identically zero)

It is then possible to write

Mi(e j) - Li(w) + .... + L n() (16)

where Li(w) are the bandpass filter characteristics shown in Fig. 5b.

Further, (15) and (16) together yield

11



d4 3 2 1____0dB

-lo dS(a)

0 dB 1  LO(W)

o d(b)

Fig. 5. Idealized connection filters and BP constituents.

H +l(e j " ) - (L (w) + .... + L (w)) HI (eJ) (17a)

= *1(W) + .. + tn() (17b)

where

) M L1(W) a1(eJi ) (18)

Clearly, *1 (w), i-0,1,...,n are orthogonal. Indeed,

' j /2 w . w5/2
*()* (w) dto - MjflL)(W

Se(W)) 0j 1 i Il l i ( Lj*(wo) dw

- 0 for i j (19)

because Li(w)=O wherever LJ ()#0 and vice-versa. Let us state this in

the time domain as

< > a oi1 6 i (20)

-1

where 6 is the [ronecker delta and (0i(k)) '. 0 *1(W).

We can summarize the above discussion as follows.

Theorem 2

The information signals are approximately tr-orthogonal.

Proof: From (18) and (20) we have

12



h2  0 1 1 •1 1

h3  0 0 1 2 (21)

* . . • . 1

hN 0 0 0 00 1

where 00 .... ' n are a set of orthogonal signals. The approximation

sign arises because of the assumptions made earlier..

Now reversing the time-indices about k-K, we have

I 1 1 . 1 *0

Y2 0 1 1 •. 1 *2

Y3 0 0 1 . . 1 (22)

.Y3 L0 0 0 0 0 d 1 P.

where, by definition *i(k) - *i(K-k). Since

<*1 > " <*i9 *j>

i 6ij (23)

the assertion of the theorem is proved.

Note that the weights ai can be calculated (in view of (18)) as
s/2 

2J I Mi(w) E1(ae ) I dw
-912

Else, they may be calculated in the time domain via (20).
13



Note that (22) may be writen more compactly as

S" u 9P (25)

where Z [Y9 Y2' .' YN ] T  [ YO' ., al an] T and U is

the upper triangular matrix of l's. Secondly, we observe that the Gram

matrix of the information signals can be written as

F - T (26)

where the inner-product is taken over each term of the matrix y yT - In

terms of the approximate tri-orthogonal characterization in (22), or (25),

we have

F U < , T

- E UT  (26)

where E is the n+1 dimensional diagonal matrix diag{0,1, ... ,On}.

The lemma below summarizes the PO properties of the information

signals.

Lemma 3

The correlation coefficient of a pair of information signals

Yi and yj, 21 is

a ~+ ... +ao
.i,Jl,..,n+l (27)°jai-1+" ' + °rn '"

Proof - The relation follows readily from the approximate tr-orthogonal

characterization of the information signals. Using (22) and (23), we have

i--+ .+ a

which is the same as (27).

14



Discussion

In any system identification technique it is desirable to have basis

functions that differ significantly from each other. Ideally, they should

be orthogonal. By varying the parameter q between 0 and 1, it is possible

to generate sets of basis functions that vary between a set whose elements

are almost identical to approximately a set whose elements are orthogonal.

If q = 0 (recall that q is the z-domain pole of the first order

filters u (z)), then the connection filters Mi all have a nearly all-pass

characteristic, and as a result a, - 0 for i 0 n. Thus an dominates all

other ai and we have

Pij 1

This is undesirable; however, such is indeed the case when unit-delays

are employed such as in methods like Prony, Linear Predictive analysis,

Maximum-Entropy method, etc. [11-[2]. The strong correlation between the

basis functions leads to numerical difficulties.

On the other extreme, q-l results in pure (digital) integration of

y(k), in reverse-time, for generation of the information signals. In this

case the analysis of PO properties developed above is not applicable.

Therefore, consider q close to one (from the left; e.g., q - 0.99. Now

the cutoff frequencies wl, W2# "' wn become crowded near the zero frequency.

Hence 0, = 0 for i 0 0 and a0 dominates all other ai. Therefore, Y2, ...

YN have very small energy (thus very small fraction of signal information),

and they are nearly orthogonal to y1 "

Intermediate values of q lead to other useful sets of basis functions.

Example

Consider that the signal y(k) has flat low-pass spectrum from .2 - 0

to 0.05 with amplitude level 10. Then q - 0.8 and n = 4 lead to the values

a - 1.45, a1 a 1.28, a2 - 0.46, a3 - 0.31, a4 4 1.5

from which the correlation coefficients can be computed readily. For

example p23 a 0.893, and p14 = 0.548.

15



SECTION IV
PROGRAM DESCRIPTION

The program POF-FILTER is a high accuracy FORTRAN IV program designed

to implement the decoupled pencil-of-functions method. Specifically, it

models the impulse response of a finite-order linear system by processing

the given data through a cascade of first-order linear filters in reverse-

time. Some of the features of the program are stated below.

* Decoupled denominator and numerator determination. This permits

fairly high order models to be determined, since the order of the

Gram matrix is n+l where n is the model order (or n+2 when data

bias is also to be estimated. In contrast, the coupled procedure

requires the use of a 2n+2 order Gram matrix (or 2n+3 when bias is

also to be estimated)

* First-order filter, rather than pure integrators, are used for

generating the family of information signals. This results in a

nearly tri-orthogonal set of signals which result in a better

conditioned Gram matrix than with the use of pure integrators.

* Bias correction option. Data bias can be estimated and thereby

more accurate estimates for the model transfer function parameters

obtained.

* Noise correction option. A preliminary routine for estimation of

noise effect,and correction thereof, has been included. Theoretical

work and testing/improvement of this routine remains to be done.

* Direct transmission option. Structural correctness of the model

in either the presence, or absence of the direct transmission

term is preserved by exercising this option.

* Results of modeling are obtained in the z-domain and on an optional

16



I
basis in the s-domain also.

* Simulation option. The data modeled may be laboratory test data, or

one may generate an impulse response within the program by specifying
n k

it either in the form RZ or by the z-domain transfer
kul

itoz " + .. +b -)/(l+a z-+ .. +az ).
function 1(z)- (bo+b 1 n

In the simulation mode, a desired amount of bias and/or additive noise

may be incorporated for test purposes.

In the laboratory-data case, a preliminary bias removal and a data scaling

procedure (to maximize the effectiveness of the algorithm)has been incorporated.

The routine which finds the cofactors of the Gram matrix of the

information signals has been optimized by incorporating a scaling

and corresponding descaling stages.

For comparison purposes the program provides the option to use two

other modeling techniques, the linear predictor and the Prony method.

The latter can be the classical Prony, which uses 2n+2 data points,

or the least-squares Prony.

The provision of these methods within this single program is an

essential step toward the evaluation of the pencil-of-functions method

against other benchmark methods.

The input data cards on the subsequent pages give a description of all

input variables, and in so doing provide an understanding of the program

use.

17



INPUT DATA CARDS

CARD # I The first card is a title card.

CARD # 1 The first card is a title card. Columns I through 70 are
available for alphanumeric title.
This title is reproduced in the output

CARD # 2 Another title card (columns 1-70). Not reproduced in output

CARD # 3 Another title card (columns 1-70). Not reproduced in output

CARD # 4 First option card

Variable Name Preferred/default

(Format) Description Columns Value

NPT (14) Number of signal points used in 1-4 -

analysis/modeling

IXX, IYY (212) Blank (unused) 5-8 -

N (12) Model order 9-10 -

ISIM (12) Simulation mode option 11-12 -

ISIM - -1 Real (laboratory) data
in integer format (1015)

- 0 Real (laboratory) data

in real format (10F8.6)
- 1 simulation from digital

transfer function
W 2 simulation from sums of

exponential*sinusoid form
(specified in continuous-time
domain)

NCOMP (12) Number of terms in the sums of 13-14
exponential*sinusoid form

IPLT (12) Plot option 15-16

IPLT - 0 Plot routine not called
a 1 Plot of the original data

and model response obtained
- m same as 1 except that every

mth point of the signals are
plotted (e.g., with m-2 alternate
points are plotted)

NNPT (14) Number of signal points read or 17-20 NPT
through simulation. NNPT should
be greater than or equal to NPT

18



II

YYYY FO) Blank (unused) 21-30

DT (FIO.0) Sampling interval 31-40

BIAS (F10.0) Bias to be added to data 41-50
This is for use in the simulation
modes (ISIM-1 or 2) when it is
desired to study the effect of
bias on data

ANBIAS (FO.0) Number of points used for a preli- 51-60 Leaving this
minary estimate of bias. That is, blank results
NBIAS- Integer(ANBIAS) number of in the use of
points from the right are used to 20% dta from
find a crude estimate of bias; this the right for
crude bias is subtracted from data. crude bias.

This is useful only when real data
is analyzed (ISIM- -1 or 0), and ignored
when simulation data is generated.

VAR (FIO.0) Variance of noise to data 61-70
Must be used only in the simulation
mode (ISIM-1 or 2)and should be left
blank when real data is analyzed.

CARD # 5.1-5.n If ISIM- -1 or 0 these cards contain 1-50 if ISIM--1
real data 1-80 if ISIM-O

If ISIM- I these cards contain (in
(SF10.0) format the coefficients of
the z-domain transfer function; first
denominator coefficients, and on
succeeding card(s) the numerator
coefficients.

If ISIM- 2 these cards contain (in
(5F10.0) format the coefficients of
the exponential*sinusoid terms; one
such term on each card. Each card
contains a) the weighting coefficient
b) the exponent (real), c) the radian
frequency of the sinusoid, and d) the
phase of the sinusoid. If the phase is
zero, the sinusoid is a sine wave with
zero value at k-0.

Example: If y(t)- e-t+ 7e-3 t Cos(2t)
is to be simulated, then ISIM-2, NCOMP-2
and these cards are as follows
+1.00000 -1.00000

+7.00000 -3.00000 +2.00000 +1.57079
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CARD # 6 Subtitle card. This alphanumeric subtitle is reproduced
in the output

CARD # 7 Second option card. This numeric information is also
reproduced on the output (for user convenience)

Variable Name Preferred/Default
(Format) Description Columns Value

IPR (12) Print option. Increasing value 1-2 0
results in more printing. Use
0, 1 or 2 for normal use.

Values 3, 4 and 5 are useful
for diagnostic purposes, or when
resut-s of intermediate computations
are needed (for example, the first-order
filtered signals, i.e., the information
signals are printed only if IPR.GE.4)

IZTS (12) z-domain to s-domain conversion 3-4
option.

IZTS - -1 conversion to s-domain is
not performed

- 0 conversion performed; only
the poles in s-domain printed

- I conversion performed; in
addition to poles in s-domain
the s-domain denominator and
numerator also printed.

IREi (12) Number of coefficients in the 5-6 0
numerator (of the z-domain model),
counted from the right, and set to
zero

ISPN Method option 5-6

ISPN - -1 pencil-of-functions method
employed

- 1 pencil-of-functions method
employed; noise added to
simulated data. Must be
used only when ISIM-i or 2

- 0 Analysis of noise only Warning: Do not use
--2 Covaria ce equations used

(for LPC or Prony) For LPC set IREM-19
--3 Autocorrelation equations

used (for LPC or Prony) For LPC set IRM-19
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IFIX (12) Noise correction option 9-10
(under development - ignore)

-FIX (12) Auxiliary parameter for use 11-12
with IFIX - ignore

IBIAS (12) Bias extraction option 13-14

IBIAS - 0 Bias extraction not
exercised Warning: Do not use

- 1 bias extracted values other than 0 or 1

IBO (12) Direct transmission term option 15-16

IB - 0 Constrains b -O in
numerator deermination

1BO - I Model assumes direct
transmission is present,
and b0 is determined together
with other coefficients

MNPT (14) Controls the number of points used 17-20 NPT
in the computation of error, and
for printing (when IPR.GE.2) and
plotting

QI (F1O.0) z-domain pole of the first order 21-30 suggest
filter (i.e.,'the parameter q of QI-0 8
Section I)

DFAC (F10.0) Auxiliary variable for use with 31-40
IFIX (under development)
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SECTION V
APPLICATION EXAMPLES

Two examples will be presented in this section. The first deals

with a simulated noisy signal, x(k)- y(k) + w(k) where y(k) is the response

of a third order transfer function and w(k) is a zero mean noise component.

The performance of the pencil-of-functions method, with and without Gram

matrix enhancement, is compared with that of other methods [1]-[3]. The second

example pertains to the transient response of a conducting pipe tested

at the ATHAMAS-I EMP simulator. These examples demonstrate the effective-

ness of the pencil-of-functions method as a practical modeling technique.

Example 1

Let
-1 -2

y(k) I - 1.92z -1+ z -2 -3
1 - 2.68z - + 2.476z -0.782z

where the sequence y is truncated at K-99. The signal under test is

obtained as

x(k) - y(k) + w(k)

where w(k) is a zero mean, uncorrelated sequence with standard deviation

equal to 0.0316. The energies of the signal and noise components are 1.82

and 0.1,respectively, hence the sequence under test has a signal-to-noise

ratio of 12.6 dB. The numerical data and a plot of the signal under test

are given in Appendix B.

The signal under test was analyzed by the following methods[2].

1. Pencil-of-functions method
a) without enhancement of the Gram matrix
b) with enhancement of the Gram matrix

2. Linear predicive coder (LPC)
a) using autocorrelation equations
b) using covariance equations
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3. Prony's method (11]
a) using autocorrelation equations
b) using covariance equations [3]

The computer output for these six runs is given in Appendix B. Here

we summarize the fractional energy error, defined as

K A 2
Z (y(k) - y(k))k-O

V - k (28)
K 2

E y2(k)
k-O

where y(k) is the impulse response of the model. Note that in simulation

mode the model response can be, and is, compared with the true signal.

When real data is tested the true signal is not available, hence x(k)

must be used in this equation instead of y(k).

For the present example the true signal is available, hence the

fractional energy error is computed by exact application of (28). The

values for the various methods are tabulated in Table 1.

TABLE I

Method Fractional energy error

Pencil-of-functions 0.0167
Pencil-of-functions with enhancement 0.0016

Linear Predictor (autocorrelation eqn) 0.1444
Linear Predictor (covariance eqn) 0.1567

Prony (autocorrelation eqn) 0.1431
Prony (covariance eqn) 0.1397

The model responses are compared with the true signal y(k) in

Figures 6 through 11. The reader is cautioned that the solid line in

each of these figures represents the true signal, and not the noisy

signal under test. The latter is shown in Fig. B2 in Appendix B.

The dotted line in each of these figures represents the model response.
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Fig. 11. Comparison of true and model impulse responses
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This example demonstrates the superiority of the pencil-of-functions

method over two other widely used methods (for modeling impulse responses),

namely the all pole linear predictor and the prony method.

Example 2

As a real world application we consider the use of pencil-of-functions

method to the transient response of a conducting pipe tested at the ATHAMAS-I

EMP simulator. The conducting pipe is lOm long and 1 m in diameter. Hence,

the true resonance of the pipe is expected to be in the neighborhood of 14 MHz

MHz. Also, the pipe has been excited in such a way that it is reasonable

to expect only odd harmonics at the scattered fields. The data measured

are the integral of the E-field; t.e., the measured variable is a voltage.

The transient response used for analysis is shown in Fig. 12 by the solid

line. The results of analysis by the pencil-of-functions method are given

in Appendix C for the case of an 8th order model; the model response, with an

error of 0.0125, is shown in Fig. 12 by the dotted line. Model poles are:

fundamental -4.280 + j 67.686 Mrad/s (-10.794 MHz)

3rd harmonic -22.470 + J218.200 " (-34.911 MHz)

curve-fit pair -2.543 + j 12.890 " (= 2.051 MHz)

curve-fit pair -16.547 + j 88.981 " (-14.404 MHz)

Note that a pole at the origin (due to the integrator) has not

been obtained because we have used the bias extraction option. On the

other hand, the curve-fit pole pair arises because the data do not truly

pertain to the impulse response of a finite order (lumped) linear system.

Next the data were differentiated (actually differenced), and

analyzed by the Pencil-of-functions method. The results are given in

Appendix C for 8th order analysis; the model response, with a fractional
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energy error of 0.0369 is shown in Fig 13 by the dotted line (the solid

line depicts the differentiated data). The model poles are:

fundamental -9.453 + j 71.596 Mrad/s (-11.494 MHz)

3rd harmonic -25.996 + J222.340 " (-35.628 MHz)

5th harmonic -113.303 + J617.095 " (-99.855 MHz)

curve-fit pair -22.268 + j 59.213 " (-10.068 MHz)

Here again a curve-fit pole pair arises because the data do not

truly pertain to the impulse response of a finite order (lumped) linear

system.

We also give below the poles arising from a 6th order model

(the computer output is not given, nor the graphical display of the model

response):

fundamental -9.575 + j 75.106 Mrad/s (-12.050 MHz)

3rd harmonic -14.866 + J221.693 " (-35.363 MHz)

curve-fit pair -14.123 + j 34.045 " (= 5.866 MHz)

The fractional energy error in modeling is 0.0566.

Here again a curve-fit pole pair arises because the data do not

truly pertain to the impulse response of a finite order (lump ed) linear

system.
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APPENDIX A

DETAILS OF PROGRAM POF-FILTER

LSITINGS

PURPOSE, EQUATIONS

FLOWCHART

VARIABLES

FOR THE MAIN AND SUBROUTINES
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MAIN PROGRAM
FLOWCHART

Initialization
Read option cards

Read or Generate signal y

Generate information
signals (CALL FILTER)

Compute Gram matrix

Perform corrections
(CALL BUILDZ)

(CALL FIX) I

ind denominator(CALL GKRDCT)

•r i

Find model response
and error. Print

Find s-domain
parameters

Plot
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LISTING OF POF-FILTER

PROGRAM '*PCF-FILTr~f
IMPLLSL-RESPONSE MOD0ELING
BY PLNCIL-OF-FiNCT IONS METHOD
APRIL 191

4DE.COUPLEO DEJ'OM. AND NLM. OETLRMINAT ION*
* FIRST-CROER FILTERS UjSED*

4NOISE CORRECTION OPTION*
4 SIAS CORRECTION OPTION*
* DIRECT TRANSMISSION OPTION*
* RESULTS IN BOTH Z- AND S- DOMAINS*

"POF-FILTE R" MODELS I1MPLLSE RESPONSE CF i. SCATT.R.ER/CHANNE-rL/NETwORK
IT CAN SL USiD IN SIMU6.ATICN MODE
OR ON EXPERIPENTALLY RECORDED RESPONSES.
FOR COMFARISCN PURPOSES IT ALSO PROVIDES
ON AN OPTIONAL BASIS THE FOLLOWING MErmooS
# LINEA~R PREDICTOR (COV OR ALTOCORR)
# PRONY
# LEAST-SQUARES PRONY

NOTES 1350 LINES OF CODE. THIS CAN BE REnLCED SUBTANTIALLY
FOR PjARTICULAR APPLICATIONS. IN PARTICULAR, ROUTINES *OPLOP*"('T),

'0Z0S$(i7, AND "FCLRT'0(2G11 MAY 3E ELIMINATED
IF ONLY Z-DCMAIN RESULTS NEEDED

DIMENSION F(25001,L(80 )9LU800)X(80,i)G±1,)AM(1,:*-)
D)IMENSION GN(±li,1),GEST(±i2.±) GDJMUil) ,t(±i,1'±),EN(l1.±i)
DIMENSION V(aZ),VV(22),AM'F(11JSR(±±JSI(±1),SPH(±1)
DIM6NSION TITLE(70),ISUF(512) ,IDUt(I0)
DOU3.E 3RECISION DTvAC,30,ERROR
C OMMON /DA 0/1ISP NqDELTA 9S IG29D Tv,01,31A, S IA 5, OFA C
COMMN /0;-!/F6AR,EBAR,FESLMEESLM
COM1MON~ /tO/IRI..T,IrFRITFRIzPR,IROUNDIPLT
REW'IN05
MAXPL=8C00
MAX=11

ILT=E

CALL. VE3(UAT(tIAXPLU9F,0,10)
CALL VE1LAT(MAXPLUUvF,0,±±I
CALL VEQL.AT(MAX2,VVVU,0)
WRITE (ILT92)
REAO(IF,6)(TITLE(I)9I11,70)
.RITE(L'Ttle) (TITLE(I1)'121,70)
READ(IR,6H TITLE(I)gI2.,?0)
REAO(Ir-,o)(TITLEM9,I1,170)
RE-AO(IR,'dNPTIXX,IYYN,1S19,oNCCMPIP.T,NNPT,

*YVYY,.)T, eASt AN3IAS, VAR
NPI=N~1
NP I NP I I.
NP3ZN. 3
r4PNP22N+N+2

IF (.NPTsE2. ) 1NPT:NPT
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IF(IP..T.LT*Oi2 IFUNS2.
IF(IF&.T*LTeG) IRLTZ-IPLT

I F (ISI M aQ .3)GO TO0 63
IF(ISIf'.NE-z*-)GO TO 59
IMAXzo
00 58 I:2.,NIPT,2.0
READUIR911)(IOUM (J) ,J:2.,0)
00 53 JZ1910
IF(IABS(IOUM(Jfl.GT.IMAX)IMAXxtA8S(IDUM(J)I

3 F(IC)=IOUM(J)

a CONTINUE
FMAX:IMAX

~GO TO 45
CONTINLE
IF(ISIMoNE.C)GO TO 49

REAO(IR,1;3)(F(KJK=1vNhPT)I

IF (A6S (F(K)1I* GT.F t'AX) IF tAXAeS (F ())
L CONTINUE
i NSIAS=AN3IAS

IF(NEIAS*EQ.O )N8IASz0.'t*.NPTI

F9=0.0
00 57 KSIJDIE,NNPT
F3=FB.F(K)
FB=F2/N3IAS
DO 56 K=19NNPT
F (K) r(F (K) -FE )/FMA X
GO TO 61.
CO0N TIN LE
IF(ISIM.EQ.1)REAO(IR,±6aH(V(I),I2±,NP1I

CALL. VErLAT (NPIV NPZ),9-1. 090 93)
IF (ISIM.EQ~l) CALL RESPON(F9LNVVV,9NNPT)
IF(ISIm9.EQ.1)GO TO 61.
DO 60 I11NCOtIP

* WRIT(IL.T,12jPIAM(I),SI(I),S(SPH(I)

C AL6. S IGNAL(F 9NNPT9A MP, S R 9S 1SPH9 , NCOMP I
C ONT INL.E

* IF(IPLT.G.E*I. CALL PLOTS( IBUF9 512,91

IF(rOF (I R) aNE e0 1GO0 To0 9-3
WRITE(ILT93)

3ACKSPACE 5
RE:AO(I;,6)tPrK,I.ZTS,IREM,ISPN,IFIX,NFIX,I-=IASI30,MNPT,~I,0.FAC
NSTRTz2
tF (ISPNo-zQo-2)NSTRTZNPI

IF(lSPN.EQ.-3)NSTRT-1

ITP~z

I F ( IPR *;E 9 ). IT PRX
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IF(OF,4C.e(.0 DFACuo.i

IF (ISIAS.EQ.G ) rBS20
IF( (ICIASo..E*a )I 1AS=0
IROLNOzowIt ISOREFLTS

CORRt.PT SIGN~AL IF DESIRED.

10 CONTINLE
IF(VARoGEoloGE-6)CALL CORlPT(FXvY~AR9NPT91.AXPL)

5 CONTINUE
IF(VAR.GE.1.OE-6)GO To 99
00 30 K21,NPT

CONTINLE
INTz-1
IF(ISPN.LE.-Z)INTz2
IF(NPI*GT*1)CALL FILTER(X,NFTNPi,iAXP~.,INTJ

COMPUTE GRAM MATRIX

NP P2NP 1
IF(I8IASeNE.0 )NPP=NP2
00 4.4 I11NPP
DO 44 J=19NPP
AOz:.u NTRP
IF(ISPN.EQ.0.ANO9IROUND.E~o0) GO TO 43

AO=AO.X(Kgt)*X(KvJ)

GN ( IJ) 2AJDT

IJ-IABS (I-J)+i

* IF(ISPN.EQ.-3.AND.I.GE.2)GNCI,J)-GN,(1,IJ1)

CONTINUE
IF(IFOUNO.EQ.0)G(I,J)zGNUqJl

* CONTINUE
SIrF (ISPh.NE.0. OR.IROUNO.NE.O)

ICALa. GROCT(Gt19EDETVN4PNPP,iAX, 1)
* IF(IROLNO.EQ.O)IhRITE(ILT,,71)DET

IF(IROU;NO.EQ.1) WRITE (ILT,172) DET
IF (IPR.GE.1)CAiLL PRTMA(Gt*9KPFvhPPvMAX,-1)
WPI-TE(11 .T,1)
IROZIRCLDNO
IF (IROUNO.E~o. 0IROUNDxIROLND+1
IF(IRO9=GeC0eAtD.ISPN.GT.-1IG0 TO 4.10
IF(IFIX.EQ.-l.)GO TO 2G3

ESTIMATE OF 44 G

6 CALL 6UILOZ(;-M.V,NP±,NPT ,lAXNFIX)
----N~lREPLACED BY NP? tEXT 3 CA~k0S--

CALLa FIX CGOLM AM,GEST,E,V,NFP,NPP,s rGz,MA X.IFIX)

CAL. ;KOCT (GES 19E,OETvVoNPFoNPPMA,.)
W4RITE (IL.T, 162) DET
IF(:PR*.E*)CALL PRTM;4T(GEST~t.PlpNlMAX, 0)
00 15. l,N?.%

4 w.9 0 (I9J)2G6ST(IJl 39 (A13:-4)
;jFIs~iFIX-1



IF (NFILX.GE.1IIGO TO 156
ISK'IP±l

IRQL;NO=O

* ODETERMINE NUME.RATCR

13 CONTINU'E
IF(ISS.--Q.2JISIAS:±
IF'(ISPN.EQ.G)GO TC 99
CALL. VE32LAT (NFl ,V (NP2) ,VVO 90)
V (NP2) 2-1. 0
CALL RESPON(X(1,1),U9NqVqVNPT)
IF(IPR.GE.4dWRITE(ILT9174)

CALL FILT R(XvNPTNP1-IrqEM,MAXPL.2)
L=N-IRE,4
IF(IBIAS*NE.G)L=L~i
LP1:L+i
LP2=L#2
IF(I8lIAS.NE.OICALL VEQUAT(NPTjX(±,..Pl),Lt,,11
CALL VEQLAT(NPTX(l9LP2),F02.)
CALL VE(LAT(NPTpX(1,PLPZ) ,SAS,,'

LP1*-L.±
00 216 1:1,1.

* DO 216 Jz±.LPI
A020.0
0O 215 (:=,IPT

5 AO:AO.X(KI+±-IS0)fX(Kvj.±-I80)
6 G(Igj)=Ao04DT
5 IF(IP~oGEo5)CALL PRTMAT(GLLP±,IIAX,205)

CALL GKROCT(GEOETVVvLLNAXvG)
7 IF(IPR*GE*5)CALL PRTMAT(ELLIIAXv207)

CALL VEOLAT(NPlVVAMP,0,03
00 220 I1,1L

* AO=O0
0O 219 J±,9L

9 AO3AO*E(IJ)*G(J,LFI)
a VV(I)2AJ

FMEAN=0. 0
IF(l3IAS.NE.0 )FME.AN2VVt.)
CALi. VEI2UAT (IREM, VV(N.I30-IFEM+1) ,AMP,0,0)
V (NP2) =0 e

* CALL VE--QLAT(N+30,V(N4P3-IBQ~hVVP,,)
IF(IP~sGEoZ)URITE (ILT,12)FMAX

* ~ WRITE (ILT, 303)FMAX
WRITE (11.T,Z10 )(V(I3 ,I:1dNF1)
WRITE(I.T21)(V(I)i,I2NPZNFNP2)
IF(IBIAS.NE.O IWRITE(ILT,305)FMEAN

MCOt L RESPONSiL, ANO ERROR*

IF (MNiPT*Elo0) MNPTzNNPT
CALL VElLAT(f4F1,V(NPZ) ,-1.0.0.3)
CALL~ RESPON(X(1,Z),UNVVVMNPT)
CALL VE Lo4T(NTX(1,Z),FME-AN,0,'d*
EPROR20. 0
FF$LNMzO.
00 213 <zs,PT



FFS;M=FFStiAK (K l)*X (K91.0
X (K(,3) ZX (Kvl) -X (K 92)

13 ERRz=RROR+X (K3)*X (K93)
FFSuMFFSJM*O T
ERROR=ERROR'O T

WRIT (IhT304)ERRORFFSUHRATIO

IF (IPR9GE*2)WRITE (ILTI1Z)
rF(IPR.GE.2)WRITE(ILT,±1O)(X(K,±),K:±,MNPT)

IF (ZPRsGEeZ)IWRITE (ILT,±110) (X(K92) K:±1,MNPT)
rF(IFR.GE.2)WRITE(ILT,114)
IF(IPR.GE.Z)WRITE '(ILT,110) (X(K,31,K±,gMNPTI
DELT=OT
IF (IZTS aG~e U)CALL ZTOS (V(1)9V (NPZ) 9NDELT I ZTS)

IF(IPb'.TeEQ*O)GO rc 239
IF(IPLT.EQ..±)GO TO 238
00 233 1=192

DO 23G K:±,f*4PT9IPLT
KKZKK4X

MN PT =11PT /I PL T

DELT=DT' IPLT
CALL PLOP(MNPT, IFUNXMAXFLTO,OELTlhYIHTIBUF)

;q CONTINUE
FORMAT ST A TEENT S

FORMAT (149612*.149 EF1O.0)
FCRMAT (5F10.3)
FORMAT (8129I4,4Fla*a)
FORMAT (?OAL)
FORMAT(ZX970A1)

3 FORMAT(1G (5Xv F5@0))
4 FOR14AT (1.0(5 X,15) )

FORMAT(2X,I2,4 AMP2*tF8.2,* S=-,Fl.4,* + J*,FlO.49
14 PH =± 9F o4
FORIlAT(iX,*WAVEFORNS AND NUMER. SCALEO BY XMAX*,F12*5)

0 FORMAT(IOX98HG MATRIX)
0 FCRMAT(±OX,8M MATRIX)

* 2 FOR14AT(iOXqUIhGEST MATRIX,' (OET2*,G13.6,4*I
0 FORM4AT QX95 (2XG±3*6))
10 FORMAT (Z0(1XF5.2))
0 FORMATC(2X9 10 (F'4) I
2 FCRMAT(ZX,*ORIGINAL SIGNAL(INCLUOES 21AS,1F AI'Y)4,/)
3 FORMAT(2X,'IMPL*RESP OF iCDEL(INC.3-HATvIF IBIAS.NEo0)*,/)

4 FORMAT (2X, iRR=F (K) -FR.C (K) 4/)
a FCRMAT(±OX914HNOISY X MATRIX)
9 FORMAT(±OX,81wX MATRIX)
I FOR4.T (IOX,16mTRUE GRAN MATFIX94 (0ETZ*,Gl3e6,')*)
I FORMAT(LOE,17tNOISY GRAM MATRIX.* (0ET=*,Gl3.6,')*)
4 FORMAT (2X,*IMPUILSE RESPONSE OF ±/A(ZI)
3 FORIIAT (5F±0.0)
1 FCRMAT(l1I5)
3 FCRMAT(ZOF8.6)
3 FORMIT(2X, *t.ST TF 9(ZI'/A(Zl',' (FMAXsaEI.2*95,')

FCRMAT(/,2X9,*SS ERROR:,6G36,SS SIGNALZtG1S.6,p
**#Q~kTlOs' ,Gl3. 6,/)

5FCR4AT (2xESTIP"'~TEO rl.:Nz*9G±3.5)



.... .. a -. . .a. .-.

FCRNAT (///I)

GO TO III!.
96 C ONT INUE

CA.6~. PLOT( 0 C.99)
STOP
END
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SUBROUTINE: BUILDR

PURPOSE: To generate a conversion matrix to go from /Di
to parameters a of A(z). See equation (9)
of Section I

EQUATIONS:
Conversion matrix (shown below for n-3)

SDag{q -3 1- ig~ , q , q, 1}

-2 I
Ll 1 -1 1

ROUTINE VARIABLES

A Conversion matrix (not to be confused
with the denominator polynomial)

X Vector which brings in [/DI /D2  . /DN

to the routine and takes back
the denominator parameters [a0  a I .... an

N System order plus one

MAX Maximum dimensionality of matrix A

FURTHER DESCRIPTION:
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SUBRC..TINZ BUILOR (AXpNtMAX)

CONVERSION 11ATRIX8 REVERSE FOF PRCCESSING a-I.R. MOELING
DIMENSION A (MAX91)qX(l)9Y(20)
0O~aL&E PRECISION DTvY
COMMON /0AO/I SNOELTA ,SIG2,OTQI, 3 AS, 15IASDFAC
COMIf*0N /I3/IR,ILTIPR, ITPK,1ZPRIR3UNOIPLT
NMISN-1

00 11 121,N
Y (110.0
00 11 J=19N

A (NN) 11.0

00 20 JJ21,NM2.
* J=NaJJ

0015Kz9

00 15 1=JqNMl
* A II+KJ)sA (I*KJ) ,AEIl,1J,1)*(1.Oi-K)

CONTINUE

CHANGED T-iU 22 3-17-80
00 22 IliNm1
I=NaII

DO 22 ,JzlN

00 25 I1,oN
IF(IPRoGE*3)WRITE (ILT5) (A(IJJ),JJz1qN)
00 25 J=1,N

00 28 Izl,N
X(IJ:Y(t)/YC1)

FORMAT (ZKv LOG 12.5.)
* FCRiMAT(* ESTIMATED PARAMETER VECTOR'wp/v1CG1J*6)

RTU~RN
ENO
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SUBROUT I NE: BUILDZ

PURPOSE: To calculate unit noise covariance matrix

for reverse-time first-order filtering case

(under further development)

EQUATIONS:

K T
z - E (K-k+1) (k) M (k)

k-i

where m(k) is the vector of unit-pulse responses
of the connection filters

ROUTINE VARIABLES
Z Covariance matrix for unit noise

R Work vector

NPI system order plus one

NDIM Maximum dimension of the matrix Z

NPT Number of points in signal

NFIX Not used (blank)

FURTHER DESCRIPTION:
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SLPOv TIt~ :3U ILUZ Us RPNPlgNFT 9NUIM, NF IX)

ALTEAiATIVE NOISE CCV PGM FCP -GNN*
DIME~NSION Z (NOIM,1) 9R (1)
DOUiLz PRECISION OT
COMlMO-; /DAO/ISPNOL:LTj.,SIG2,DT.CI,3IAS,131A5,OFAC

TIM~zOT*NPT
IOPTzNFlx~i
GO TO(201,1G19101,201)9ICFT

~1 SC20T
NZNP±-1

DO 1 I=19NPI
IF(I.GE.2)R(I )zR(I-11

002 K=19NPT
NPTI('4PT+1.(
DO 3 J219NPI
DO 3 I3jtNp±

DO 4. 121,N

CONTINLE
DO 7 Jz3,N01
DO 7 12JNPi

GO TO 301
CONTINUE
DO 210 JS1,NP±
DO 210) IZJNP.±
IF(Io.Q.1)Z (2.1)2TIME

WRITE (ILT,11±)
CONTINUE
0O 174 12±,NPI
0O 168 Jz1,NPI

IF(IPq.GE.2)WRITE-(ILT,22G)(Z(1,J),J21,NPl)
CONTINUE

3 FORMAT(10X9* QUANT. NOISE 4)
LFCRMAT(I0X9IAS EFFECT*)
3 FO.RMAT(2X,5(2X9Gl3o6))

RETLAN
ENO



ii

SUBROUTINE: CORUPT

PURPOSE: This routine, useful in simulation mode, can be
called when it is desired to add random noise
of given variance to the signal

EQUATIONS:

ROUTINE VARIABLES
F Input signal

X First column of X would contain the corrupted
signal; the second column temporarily
contains the noise added to signal

VAR Variance of noise added to signal

NPT Number of signal points

NDIM Maximum column dimensionality of X

FURTHER DESCRIPTION:

This routine needs a library routine to produce
random numbers (gaussian, zero mean and uncorrelated)
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SU3Q0UTIN-- CORLJPT (F,X,VARNPTNOIM)

ADDS NOISzE
DIMENSION F (lhX(NOIM91)
OUt~iE PRECISION DTAO,3O

COMMON /DAG /I SP,DELTA ,SIG2,D0TQIp BIAS, IBIA S,DFAC
COMMON /DA1/FEAR9EaARvF--SU;MtES~M
COMMON~ /IO/IR-,ILT,IPR,ITFRlZF-RIROUNO',IPLT
F3AR=O.
ES ARzG.
FESUM=O.
EESUM0o.
WRITE( ILT9469) VAR
IS=2458169
1S2x3g?665
SIGMA=SQRT (VAR)
CALL NRML(NPT ,1,±,O. ,SIGMA,IS,1S2,X (1,2), 0)
00 26 K=1,NPT

00 211 K=1,NPT
FS=F (K)3 IAS
FBAR=FeARFa
E 9A R -E BAR+ X (K ,P2)
EE SL MEE SU M+X (K( 92)#X (K , 2
FESO M=FE SU M.F EX (K ,2)
I F ( ISP N -EQ. G) X (K,9 1) =X (K 2)

* .1 CONTINUE

F E SU M= 2. G'F ES U 4 0T
F43A R FEA R/ NPT
EBAR=EEAR/NPT
WRITE (ILT, 462 ) FBARESAR, FESLMEESU.4
IF(IPR.LE.2) GO TC 411
WRITE (ILT, 83
WRITE(ILT,110)(X(Kw1),K:1,NFT)
IF.(ISPNoEQ.0)GO TO 411
WRITE (ILT,18)
WRITE(ILT,115)(X(Kv2),K:1,NFT)
WRITE (ILT, )
CONTINUE

9 CONTINLE
FCRMAT STATEMENTS

FORAT (10X 16.ROUKOED F SIGNAL)
FCRMAT(IOX,161iROUNDOFF CRFOR E)
FCRMAT (2X,5 (2X9G1X.4))
FORMAT(20dIX,F5.2))

5 FORMAT(lX,20(l~qF5o3))
*? FCRMAT (2X,51-FBAR=,ElI.4t6H ESARqE1.45H FEZE11-.494M EE=,E-:11.4)

a FC.AT (2X(,*VARIANCE OF NOISE2*,E1294)
FCP4AT (/)
RET U N
ENO



SUBROUTINE: FILTER

PURPOSE: To produce the information signals. Specifically,
this routine performs reverse-time first order
filtering upon the given signal (stored in the
first column of the matrix X)

EQUAT1)NS:

X(k,i+l) - q X(k+l,i+l) + X(k,i)

ROUTINE VARIABLES

X Matrix of information signals. First column
brings in the signal to be processed

NPT Number of signal points

NPI Number of information signals (model order plus one)

NDLM Maximum column dimensionality of X

INT Option parameter. -1 for reverse-time
filtering, +2 for unit-shifts (or delays)

FURTHER DESCRIPTION:
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SL3-i T It,. F I TEm-((,P , PIIN

01I4ENSION x (N.OM,1)I
0 Od 4.: PP. C ISI10 t OT9 SO3 0
COMMON /0,10 /1SPK9 DELTA 9SIG2 qOTQI3IAS* IEIAS90F4C
COMMON /1O/I--,-ILTIOR, ITPRIZ RIROUNOIPLT
GE ERATE FIRST-COER FITER r-RCCE-SSEO7 SIGNA..S FROM 144M It. X(K,1i

INT~i CP 3 FOR FORWAR0, -11 FOR REVERSE TIMEI
FIRST-CROEP, FILTERING

1NT=2 FOR UNIT CELAYS (X(KtI+1)=X(-19I))
N:NPI4-1
NP2=NP1+l
IOPTziNr+2
GO TO(51911,11,9: )qIOPT
FCRWARD FIRST-ORDt.R FILTERING
CONTINLE
DO 4.0 J21,N
JJZJ~*1

DO 4.0 K:ZNPT

X(JJ)01IX(KI,JJ)*X(KtJ)
2 CONTINUE

* GC TO 70
REVERSE-TIME FIRST-ORDER FILTERING

L CONTINUE
!20 60 J=19N
JJ=J*1
X (NPT, JJ):X (,NPT 1)

* X(NPT,jjJ0O.0
3C=X (,i;T,JJI
0O 60 KiK:2,t~PT

* <=NFT41-K<

CHANGED NEXT CARD 3/17/80
3Oi30QI4X (Kgj)

30=0I30+X(KJ)

X (KJJ)=50
CONTINUE
IF(12IAS.Ezo.0)GO TO 62
IP.ARZZIAS- 1

T Iil::TIKK

X (KNP2) :2TIME.4*IPWR
CO NTI NL E

* GO TO 70
GENERA TE ONIT DELAYS
CONTIfiLE
0O 43 I=2,NPI

K (19I)300
0O 93 K=29 NPT

Go To dl.
CO0N TI r LZ
SOc21 oj
00dO 1 I2,NPI
SC :SC*CT

r;
(< X (K 9 1R5



I. CONTINLE
IF(IF-.-.T.4)GC TO 99
IF (IROLN.EQ.:)WRITE (Ii.T,:78) INT

*IF (IROLNO.EQ*C) WRITE ILT 9179) INT
00 Ido I22,NP:z

WRITE (IL'T~i)
i CONTIN~LZ

115 FOR,T(.(lX, FIZ. 6))
.c FCRMATC(10 (IXF7s3)
79 FCRMAT (2.GX9F ILTERgINT=* 9I2,4 FOF PRcOC'l.SSLD X*)
7a FCRMAT (OaXtF ILTERINT.,I 29* NOISY FOFP ROCCESSED X*)

FORMAT U/3
RET UR N
ENO
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SUBROUTINE: FIX

PURPOSE: To enhance the Gram matrix of the information signals
and to effect noise corrections
(Under further development)

EQUATIONS:

F - G - Oest P

where P is the unit noise covariance matrix

ROUTINE VARIABLES
G Noisy Gram matrix of reverse-time first-order

filtered signals
P Covariance matrix of unit noise (also reverse-time

first-order filtered)
C Corrected matrix
D Work matrix

N Dimensionality of the matrices
NC Not used
SIG Estimated noise variance

NDIM Maximum dimensionality of the matrices
IFIX Option parameter (Use IFIX-l)

FURTHER DESCRIPTION:

Under further development
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SU3RC,.;TINE FIX (qP,9C90 9X 9NvNC ,SIG, NO I M IF IX)

ESTIMATE NOISE INTENSITY SIG (ASSU4E WmIT NOISE)

E PI CENOTES NOISE IMATRIX FOR LNIT NOISE
NC IS THE NCIIZ=EO SUSPATRIX OF P =CCV OF NOISE

0IMENSION G(NOIM,1),P(NOIM,2.),C(NiOIM,1),O(NOIM2.),X(1)
COMMON /0uO/ISPNOELTASIG2,OTQI,3IA5,IE-IASOFAC
COMON /IO/I,1LT91PRITFPIZPRIR3UNOIPLT
DOUBLE- PR:-CISION SUMOET9OT
SIzSIG
IF(IFIX.EQ.G0G TC 51.
GOPZG(19,2./P(.,.)

SIGsG.0
JCTJCT2.
St;AOET:3.G
Ck.~L GKROCT(GOGOETXOgNoNOIMO)
IF (JCT eEQ. )OETGGOET
00 7 2,
00 7 J=1,N

SU'ICET=SUIIOET+O(IJ)*P(I,J)
IF(SLMDET.LT.a.0.AND.IFIX.NE.Z)GO TO 11
SI=..JCJ/StJMDET
WRIT -(ILT,32)JCT,ICTGO,-T.SLMDETSI
IF(SI/GOPoGT.O.l) WRITE (ILT,31)
ICT=0
CO NTIN L
D0 9 I1,1
0O i J=19N

IF(IFIX.EQ.G)GO TC 211
CALL GKROCT(C,0,COETXv0,vNNOIf1,a)
IF ( CD~.T.L.To. .0OR. ODE T.GT. GIE N ICT: 1CT42.
IF(ICTsGTo5)GO TO 1.0
IF (tOT.GT. 0)SI=SI i2.
IF(ICT.GT.0)GO TO 51

* IF(JCT.GE.5)G0 TO 211
TM R, DE TG*OF;AC
IF (JCT.EQC. )W RITE (ILT933)OETG90FAC,THR
S'LG=SIG+SI
IF(CD.T. CT. Ti.R)CALL MEQUAT(N,NG9C9NDIM91)

* WRITE(ILT,34)JCTICTGOE-TSICDET
IF(COET.GT.Tirt)GO TO 3
FORMAT (2X, 4 NOISE VAR EXCESSIVE, SIG/GOP.GT.0.i~l
FORMATtLX.*J,l GETSLMOTSI3',2I~q4El2)
FCRMAT (IX,*GOETOFACTMR:96E 11.2)
FORMAT (LX,*J, I S ICOET49212, 'EI. a I

5.3



SUBROUTINE: GKRDCT

PURPOSE: Basically, this routine finds the cofactors and/or

the inverse of a square matrix. It also calculates
the denominator parameters through pencil-of-functions
method (if ISPN.GE.-1) or the LPC/Prony methods (ISPN.LE.-2)

EQUATIONS:

-1A/

ROUTINE VARIABLES
X Gram matrix of information signals

Y The adjoint or the inverse matrix of X is returned
in Y

DET The determinant of X is returned in this variable

XLAMDA Vector of computed denominator parameters

NN Not used (blank)

N Dimensionality of X and Y

MAX Maximum dimensionality of X and Y

IOPT Option parameter; 0 for finding the inverse
and determinant of the matrix X, 1 to find
the denominator parameters

FURTHER DESCRIPTION:

Scaling has been introduced in this routine to
enable accurate computations even for high order
modeling (say 6 to 10).

This routine calls BUILDR to go from Di to the
parameters ai of A(z).
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SU5RCUTINE- GI(RDCT (XY.TXAMOA,NNN,mAx,IOFTI

DIM1ENSION XLAMOA(1)
OIMENSION X(MAX,1),Y(MAX,1)
OOUELE PRE=CISION ABCojE
DIMiNSION N 1M (2,10),SCA..tlG),RSC(1O),Z(1,2.o)
D0U3L. PR6CISION OTqSCqjADqsc
COMM~'ON /DAGO/IISPK*OELTAvSIG2,oT9QI,3 IAS, 1IBIAS90FAC
COMMON /IO/IR,L.TIPRITFrtIZPR,IROUNOIPLT
IGI(R:1
IF(N~l'%E*!)GO TO 3

DETzX(i11
* I GO TO 61

CONTINLE
NMATziN
LPCxO
IF (IS;)N.L-:.-2 ANO.IOPT.EQ.1)LFC=I
IF(..PC*.C.l)NflAT=N-1

DO ii I:1,Ntd.AT
SCA.. (I) 2-.O
IF (X (I+LPC 9I.LPC) .GT.O.I E-20) SCAL (I)=SQRTIX (I*LPC ,I.LF:C))
RSC (1) :1*0/SCAL (I)
CO 14TINLUE
00 6 I1,NMAT
00 6 J=1NIAT
Y (J, D) =X (J+LPC, Ie+LPC)*RSC I I)*RSC(JI
Z(J, I)=Y (JI)
IF (ITPR.GL. 1) CALL PRTMAT (ZiNMATNtiAT,*1A3O)

--- 3EGIN GK REDUCTICN----

0O 4.3 1=1,NMAT
820.0
L1I
MzI

FIND LARGEST ENTRY A (LM) IN THE LOWER. DIAGONAL SU3MATRIX

D0 id JZI,4tAT
* 00 1.* KItNIAT

IF(A!S(Y((,J)I.LE*OAES(B))GC TO 18

CO NTI N U

INTERC'iANGE ROWS

IF(L...C.I)GC TO 24.
* 00 23 J:1,:t;4AT

Cy (LJ) (9J

yW (I J) ss

IlTiR'C-,4GE CC6.UMNS

:c(MLC.I.30TO Z9



00 2c J31,'IT

( JM) 2y 09, 1)

NUM (lip 1h
NUM (291) =,.
azy (1,ID
y (I, p sA
DO 4.2 J=.,NtAT
IF(JeEG9I)GO TO 42
C=-Y(IJ?

DO 4.1 KZ1,Ntt.T
:C*Y (K, I)

IF(DAB-cS(E).LT.1.0O.1O*OA5S(D))E=O.0
I Y IK J) =E/A
? CONTINLE

5 A=3

RESTORE CO,.LMNS

DO 56 I:2,N,4T
JZNMAT+I-I
K=NUM(29J)
IF(K.ECoJ)GO TO 52
D0 5~. L21,NMAT
C2Y (K, L)
Y (KL)sY (JtL)

K2NLN(1 ,JD

RESTORE ROWS

IF(K.EC.J)GO TO 56
00 57 L21,NMAT
C=Y (a. 9 )
V (LgK02Y(,.oJI
V (6. J)2C
CON'TIr4LE

DSCA621. 0
* 00 5-3 I21,Nmi4T

* DSCA.=SCAi..(I) 40SCAL
* DETzOET*SCAL( 1) SCAL (I)

IF(ITPRoG~e ' 1)WRITE (ILT,337)0ETvA-v(RSC (I) I=19NMAT)
7 FCR!"AT (1X9DE TAq RSC(1)I 1,*7EL1.4)

* IFuIOPToEO.,1.AND.ISPN9GEo-i)GO TO 61
IF (ITPR*G-:e 1)CA L6 PRTMAT ( ,NN@MAX9 0)

* IF(ITP;;*Gc.1I CALL PRqiIAT(Z,Yqh'MAT, lOMAX,OI
00 60 Iz1,Nt;- T
00 60 J2iN'AT
Y Y(I 9J)xY (I 9J) RSC (DRSC (J) /A

IF: (ICPTeNE* 1)GO TC i000
IF(ISPN.L;-.-2)GO TO 4.'.0
IF(Y(;.vZj.LT.G.0)GO TO z.COG

00 200 12qNIM;.T
SC sSC. CT



A=iY (I, I)
IF (Y (191) .LT C. 0) £20.a

XLAMOA(I)=RSC tI)4LSORT(A/Y1,i3')
IF(Y(Igij.LT.0.0)XLAMOA(I)=-XLAMDA(I)

99 XLAtqDA(I)=SC#XLAMCA(I)
00 CONTIN4UE

XL £MOA(,l)=1£0 DO
*AT=RSC (j)*OSCAL*SQRT (Y (191))

IF(IPR.'E.±)WRIT(6,106)(XLAMDA(I),I=,NMAT),A4T
NPSN%

* IF(ItBIASeNE.G)NPPN-1
CALL .3UIL0RIY ,XLAMOA ,tPPd'lAX)

16 FORMAT (5x,*SYNr,-ETIC VECTOR, AND SQRT(Y£),9/,10G.2.5I
GO TO £000

00 CONTIuLE
IF(ITPR.LE.G)GO TO 449
WRITE(ILT944d)
CA Li. PRTMA T(Y,9N,9N MA X,0J
00 442 I:INM1AT
00 4.42 J=1NMAT

.2 Z (IqJ)zX (I + 19J*11
CA it. PRDMA T(Q9YNMAT 910,9MAXqO0)

7 F CRMAT (2 Xv9G1 1* 4)
I' o FORMr(2X9* INVERSE AND F'RODLCT MATRICES*)

9 CONTINLE
XLAMD(1)21*0
0O 450 1=29N
XLAl'DA (I)sfJC
)O 4.50 jxII 1 MAT

a )(LADA()XLAMDA-(I-JY(IX(J+j,1)
CO~ CONTINUE

ENO
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SUBROUTINE MEQUAT

PURPOSE: To set an m xn dimensional matrix B equal to a matrix A
of the same dimensionality

Equation: B -A

ROUTINE VARIABLES: M Row dimensionality of B and A

N Column dimensionaltiy of B and A

B Matrix to be set

A Matrix to which the matrix B is set

NDIM Maximum number of rows permissible

IOPT Print option; 0 for no printing, 2 or greater for
printing

SUaRCUTINE MEOUAT(M,.N,8,ANCIt'9IOPrJ)

IOPT=3 SET 5 TC ZERO
1. 5 EQULA. To A
1.0 3 TO IOENTITY

00 33 I:2.,,4
00 33 J22.,N

C 0 N TI V4 6E

EtC-



SUBROUTINE: PLOP

PUREPOSE: To plot a pair of columns of the array X4
(This routine may be substituted by user's own routine)

SC3QOiLTINE PLOP (NPTNFY ,NDIM 9TO,0T ,LABEL ,INOLP9 IBUF)

NPT=NUMB OF TIME PTS (WARNINGS NOIM SHOULD 6t,.Gc.NPTe2)
NF=NLMB--R OF FUNS
Y(K, ) OATA ARRAY OF 0IMENSION NDIMNF
T~mINITIAL TIME, DT=TIMQ; INCREMENT
LA8EL9 INDE-P = TITLES FOR Y AND X AXES
DIMENSION Y(NOIM,NF),YY(2),LAEEL~I),INDEP-(i)
DIMENSION X(512),ISLJF(5z.2)
COMPON ,I0/IRILTIPRITRIZPR,IROUNDIPLT
M=NF*NOIM

M2=Me2
N PT12. NP Tel
NPT~zN1PT+2
X(l)=T0

X (K)=X (K-:) eDT
00 6 I1,1NF
DO d K=NFT1,tioIm
Y ('(I)=Y (NPT,Il

INITIALIZZ(LIG. INK, 121N.FAPER) MAX.LEzNGTH60IN
CALL ?LOTMX(60.0)
SET ORIGIN
CALL PLOT(Go,-5,3)

* CAL.L FACTOR(5.a/6.51
BEGIN FLOTTIING
CAL,. SCALE7(X96@5,NPTv1)
CALL SCAL--:Y(191) ,±0.0vM,i1)

* CALL ;AXIS(0.,0.,iiIHTIME (SEC.)9,
*m16v6.5,0*,X(NPT1)vX(NPT2))
CAL. iXIS(O.,0.,leNRESPONSES Y ,Y,

* i16,i0.,.0*vY(M1)vY(M2) I
WRITE(6,6)X (.PT1I ,X(NPT2)
WRITE (69 71Y(01) ,Y(M21
FORMAT(IX94TGDIV (6.5 OIV),',(1X,F7*3))
FORMAT (lX9 *YO01V (10 DIV) *,4 (1XF7 e3)
00 10 I21,NF-
V (NPTI T) Y (m 1)
Y (NPT.qI) =Y (M 2)

IF (le.EC.Z) CALL OASHLN (XY (1,2) ,NPT 9 1)
CONTINLE
C46LI. PLOT(10.,0e.-3)
R E T URN
ENO
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SUBROUTINE: POLCON

PURPOSE: To combine the factors of a polynomial in order to produce
the coefficients.

SLBROUTINE POi.CCN(CvR2,KI)

A POLYINOMINL CONSTRLCTION FRCGRAM NEEDED FCR ZTOS
DIM6NSION C(l),R2{1)

COMF.X C,R2,COMP
DIMENSION DC(2)
EQUIVA4LENCE (COMPDC)
NPI:N+I
0O10I=2,NPi
FZ2(11=0.0000
R2 (1)=&.0000

00*I=1iN

COMPZC (I)

IF(I.EC.K.OR.C(DC().EQ.0.0D0.AND.DC(2).EQ.0.6O0))GO TO
0O2JJ=1I
J=I-JJ+l
R2 (J+l) :RZ (J+ 0) *C (ID +R2 (J)
RZ ( 1) =R2 (1} ) C (1)
CONTIN.UE
RF TLRN

EQUATION: (x- c 1) ( x - C 2 ) .. (x - Cn)

n-i n

- r 1 + r 2 x ++ rxn + rn+1x

VARIABLES: C Vector containing the roots of the factors
R2 Vector returning the coefficients of the polynomial
K Exclude Kth factor if K0O
N Number of roots contained in C
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SUBROUTINE: POLRT

PURPOSE: To find the roots of a polynomial

EQUATIONS: aI + a2x + .... + an+l x

(x - p1-jq ) (x -p 2 -jq 2) (x -pn-jq n)

ROUTINE VARIABLES

XCOF Coefficients of the polynomial (XCOF(1)a )

COF Work vector

M Order of polynomial

ROOTR Real parts of the roots are returned in this vector

ROOTI Imaginary parts of the roots are returned in this vector

IER Type of error, if any, returned in this integer variable

FURTHER DESCRIPTION:



SLC%.TNc~ POLRT (XCOF,COFM,PCOTR,;ZOOTIIERI

COMPUT.S THE REAL AND COMPLEX ROOTS OF A REAL PO,.YtCMIAL

OESCRIzTION, CF PARAMETERS
XCCOF -V ECTOF OF 1-1 CCEFFICIEtiTS OF TH*E POLYNOMIAL.

ORD--RED FROM SMALL.EST TO 6ARGEST POWLR
COF -WORKING VECTOR OF LENGTH M+l
14 -ORDER OF PC_~YNOMIAL
RcOTR-RLSULTANT VECTOP OF LENGTH M CONTAINI,,4G RLAL ROOTS

OF THE POLYNOMIAL
FOOTI-Rr-SU6TANT VE.CTOr, OF LENGTH M CONTAINING TH~E

CORRESPONDING IMAGINARY ROOTS OF THE FOLYLINOMIAL
IE r -;-ERROR COD-z hHERE

IER=0 NO ERRCR
IER1l M LESS THAN~ CNE
IER=2 M GREATER THAN 36
I1.R=3 UNA8LE TO DETERMINE ROOT WITH 500 INTE RATIONS

ON 5 STARTING VALUES
IER=4 i-IGH ORDER COEFFICIENT IS ZERO

DIMIENSION XCO F -),COF (1),ROCTR (i),ROOTI (l

0OU3L--. PRECISION )OYO,X,Y,XPrv,YF-RUX,UY,V,YT,XT,L-,XT2,YT2,SU,4SQ,,
I DX,DY,TEMP,ALPHA,XCOF,COF,FOTr,ROOTI,ERI,jRZ,XS.Sxs,YSS ,YS,TCL

COMMON /IO/IR,ILT,IPRITPR,IZPRIROUND,IFLT

LIMITED TO 36TH ORDER PCLYNOMIAL OR LESS.
FLOATING POINT OVZRFLCW MA-Y OCCLR FOR HIGH ORDEF
POLYNOMIALS BUT WILL NOT AFFECT THE ACCLRACY OF THE RESU TS.

METHO:D OTAEPROMDUIG H RGNLPLNMA
NEWTON-RAPHSON ITERATIVE TECHNIQUE. TtHE FINAL ITaR4TIONS

ERRO:RS IN THE REDUCED PCLYNOMIAL.

ER21. 0J+50
TCL=.*00-8IF~z

IER=0
IF(XCOF(N*1)I 10925,1 40

10 IF(N) 151,15#32

7)SET ERROR COCE TO 1

:.5 E =
20 IF(IER)200,20,p200

WRITE (E,203)IER
3 FCRMAT(1X,'EROR CALLED FR0OM FOLRT, IER *,1I31

SET ;E'ROR COCE TO 4

GO TO 2J

SET -:;OR coC:: TO Z

ef



30 IER=2
GO TO 20

32 IF(-N-36) 35,35,30
35 NX=N

KJI = i
DO 40 L=1,KJI

4a COF (MT I XCOF(L*)

SET INITI2.L VALU:ES

45 XO:.035i]0101

YO:12.G1000101

ZiRC INITIA L VALUE COUNTEP

-------- 3E&INITATO-----------
X AND Y 4RE ThE REAL AND IMAG PARTS OF ROCT
IN: 0

50 XZXO

INCREMENT INITIAL VA,.LES ANO COUNTER

XOZ-10 .0*ro

YO=-10 .0*X

SET X AND Y To CURRENT VALUE
X=XC
Y=YC
IN:IN.~1
GO TO 5i

55 IFIT=i OY~IA N EIAIE

YPR:X

59 C=
60 UX:0.o

UYZO.0

U=COF(Np1)
IF(L) 65,i30,65

65 00 70 Izi,N
L =N-I+l
TE 1FZ:COF(..)
XT22X*XT-Y*YT
YT2:X*YT,.Y~x7

U2+EP*TE'1

LY~lY-Fi4*fT4TElP

..............-- 63-- -



7SUM CLXJX LY*UY

75 OX= (V*LY-U*ILX) /Su 1'SQ
X=X+O)(
OY2-(U*%Y.V.PUX) /SLMSQ

IF (ITSS.E..00)YSS2.00042)

IF (XSS Ec. 0.0 00 )XSSl. 000
RMAG=SCRT CXSS*XSS+YSS*YSS)
M1OOIF.APr~edO OSS TO OSS..00001RMAG IN NEXT CARD
ER1:A3S(DX/(XSSi+.000O2.RMAG)AS(Y/YSS4.0000±1*RMAG))
IF (ITPR.GE. 1) WRITE (ILT,444)CXXSSOYYSgER:,tER2
ILOC=77
IF(ITPR.GE-.1)WRITE (LT4.2)ILCC
IF(ER..GT*ER2)GO TO 78
EP22ERI
xs2XSS

* YS=YsS
* IF(ER1-TCL)±00,P80,80

STLEF ITERATION COUiNTER

80 ICTzICT.1
IF(ICT-500) 60,85,85

05 1IF(IFI T) 13 0,95,10 0

--------------------EITFROM ITERATIONS -----------

SET ERROR CODE TO 3

MTzKJI... .2
TEM~ZXCOF(MT)
XCOF (MT) =COF(L)

11o5 COF(L):TEMP

NX=T-I?
IF(IFIT) 12055,120

':5 X:XPR

23 IFIT=3
IF7(AES(Y)-2..O-8*A3S(X)).33,259125

*.25 a P4= *
SLMSQ; XX+Y*Y

GO TO 14.C

Xz,', X-164 (=CLF.-3)



135 Y .0
SUMSOG
ALPM A= X
N=N-1

14J C OF(2) ZCCF(2) +AL PH A*COFfZI)
4 J5 DO 150 L..z2N
150 COF(L4:)COF(L+I)+ALPHA*CCF(L)-SLMSQ*COF(L-1)
155 ROOTI(N2):Y

ROOTR(N2).X
*IF (CRI1.GT.TCL)WrITE(6,554)N2,ERI

554~ FCRMAT(1X,9*.RROR ON *913** TH, ROOT IS 4,DI.3)
ER2=1.00.50
N~zN2oi

* IF(SLMSJ) 16G91E59160
1.63 Y=-y

SUm1SOz0.0
GO TO 155

* 165 IF(N 20920945
Z FCRMlAT(2X,*T;EST IN POLRT-,15)
4 FCRMAT (1X,*OX ,XSSOY,YSS,ER-2*,2E8.1,2X, 2E8.±,2X,2ES.2)

RETURN
END

6.5 (?QLR-T-4)



SUBROUTINE: PRDMAT

PURPOSE: This subroutine computes the product of two square
matrices.

EQUATIONS: A *- A*B

ROUTINE VARIABLES: A, B N x N matrices

NDIM1 Maximum row dimension of A

NDIM2 Maximum row dimension of B

LOC An integer which is printed
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SUB3RCUTINE FROM AT (A* 9,N9 NC I toNDIM2LOC)

COMiFLTES PRODUjCT A z;*

IF (&.0CGoi)WRITE (6,5) L0C
DO 31 I219N
0O 31 J21,N
C(IJ)20.0
DO 21 i(S1,N

CO0NTIN14UE
DO 41 1jpN
00 '.1 J219N
A(IJ)2C(IJ)
DO 45 I=19N

FCRMAr(* LO CA TI CN/INTGE R 24, 5)
F CRM'AT (2 X,91 OG13.6)

END
FUNCTION COMB (NPM)
CALCU ATES COM3INATIOIN -4 CUr OF N
IF(N* .E.O)GO TO 99
L21
LOZI

* IF(M.EG.OGOG TO 8

DO 5 IZMN1,N

00 7 1219M
LDZLD*I
COMB3 ./LO
RE TLRN
N 0
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SUBROUTINE: PRTMAT, PRTVEC, PRCVEC, PRVEC

PURPOSE: These four subroutines perform printing of arrays,
PRTMAT of matrices and the other three of vectors.
See subroutines for comments.

EQUATIONS:

ROUTINE VARIABLES

Subroutine PRTMAT

A Matrix being printed
M Its row dimensionality
N Its column dimensionality

NDIM Maximum number of rows permitted
LOC Use LOC-O. If nonzero, this same number is

printed.

FURTHER DESCRIPTION:

68
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SLB OUTIN PRT MAT (A*MINqNOIIMgLOC)

PPINTS A MATRIX, AND AN ItEGE.R (PERHA.PS A LOCATION) IF LOC.GE.1

DIMENSION A 04DIM, 1)
IF(LOCoGE.e.JWRITE (6,5)LOC
00 31 I':,1

L WRITE(6,j3) (A(I,J),J=1,N)
FORMAT(* LOCATION/INTEGER-, 15)

FORMAT (X I ±G13.6)
RET14RN
END

SUBROUTINE PRTVEC(AN)

PRINTS A COMPLEX VECTOR, MAX N=5
WHEN VARIABLE IS SINGLE PRECISION

COMPLEX A5)
WRITE(6,) (A( 1) ,12,N)
FCRMAT(.X,ZIZ.5, 4(3XoZE12.5))
RETLRN
END
SUBROUTINE PRCVEC(AN)

PRINTS A CCMPLEX VECTOR, MAX N=5
WHEN VARIABLE IS DOUBLE PRECISION

COMPLEX A
DIMENSION A(±)
WRITE (6,1) (A I) ,I-1,N)
FCRMAT(lX92D12o5,4(3X,2Ol2@5))
RETURN
END
SU3RC6TINEz PRVEC(AN)

THIS SULROUTINE OUTPUTS DCUSLE PREzISION SINGLE DIMENSIONED ARR4Y

DIMENSION A(4)
WITE(6,1) (A(I),I',N)
FCRMAT (lX,6Dl6e6)

RETURN
-6NO



SUBROUTINE: RESPON

PURPOSE: To determine the response of the digital transfer
function H(z) to an input sequence v(k). The coefficients
of H(z) are given to the routine in the NPNP2-N+N+2 vector
GAMMA

EQUATIONS:
b, 4- b, - ,-

ROUTINE VARIABLES

X The vector which returns the response of H(z)

V Vector containing the input sequence
N order of transfer function H

GAMMA Vector of coefficients of H
GAMMA -(1, al,,. . an v., -bO , -b 1 , .. -b )

1 n -bn

XLAMDA Work vector

MP1 Number of response points generated

FURTHER DESCRIPTION:

The routine assumes zero initial conditions
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SU3ROUTINE RE SPON (X V9,NGAMMA,9Xi.AMO A MP I)

DIMENSION X(2JV(l),G^'MfA(±3,XLAMOA(i)
DOU3LZ PRc.CISION XSAV,A0,20
NM±SN-1
NP±zN+i
NPN P1 . I.

* NPNPZN.N.2
0O 19 I:1,NPNP±
XL AMDA (I) 0.0
XSAV=G.0

* DO 20 K:±,MP.
IF(N*ECo±)GO TO 25
DO 21 1=1.NM1
JZNFl- I
XLAMOA (J):XLAMDA(J-1)
CONTINUE
0O 22 &qN
J=NFNP2-I
XLAMDA (J)UXLAMDA(J-1)
XLAMDA (1)=XSA V
XL AMOA (NPI)=V (K()
XSAVO0
00 23 I21,NPNFI
XSA V=XSA V-GAMMA tI41)4XLAMCA (I)
IF (DA3S(XSAV) .GE.1.oE=10)XSAVO00
X (I(IXSAV
RETLRN
END
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SUBROUTINE: SIGNAL

PURPOSE: This routine generates a signal which is a weighted
sum of exponential*sinusoid terms

EQUATIONS:
m -Oit

f(t) - E Wi e Sin(ait + 0i)
i i

F(k) - f(kA)

ROUTINE VARIABLES

F Vector returning the generated signal

NPT Number of signal points generated

AMP Vector of weights associated with each exp*sinusoid term

SR Vector of exponents

SI Vector of radian frequencies

SPH Vector of phases

DT Sampling interval

NCONP Number of terms

FURTHER DESCRIPTION:

This routine is useful only in the simulation
mode and is called when ISIM-2
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SUERCuTINE SIGNAL(F,NPT,AP,S,SISPHDT,COt-.P)

c 0mmooN /I13/ IR9 1LT vIPR, IT PR ,IZ PPRIRO UNO9IP LT
DOUBLE PREzCISION A93,C,X
DO 412 K=19NPT
F(KJ:=2.0
00 20 =9CM
A=SR(I)*Dr

DO 15 XK<:19,PT

rF (A.NE.0.0 )X=X'OEXP(A#K)
IF (B.NE. 0. ax XXDSIN (3*K+C)

* . CONTINdUE

IF(IPR*LT.2)GO TO 30

WRITE(LT,q)

CONTINUE
FCRMAT(/) FSGA~
FCR.'AT (2G(lXF5.2))

END
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SUBROUTINE: VEQUAT

PURPOSE: To equate a vector Y to another suitable vector

EQUATIONS: Y(k) - 0 vector if IOPT-O
w X(k) -1 or 2 (print also)
= Y(k)*X(1) -3
M Y(k)+X(1) -4

-1 (1,1,1,1,..) -10

VARIABLES:
NPT Dimensionality of X
Y The vector to be set
X Auxiliary vector

NPUL Not used
IOPT Option parameter (see above)

SuBROTlNz VEQUAT(NPTYX,NPL'L,IOPT)
----------------------
IOPT-O SET Y TC ZERO

I OR 2 SET Y=X (PRINT IF 2)
3 SET Yz Yo CONST X(1)

SET Y= Ye CONST X(i)
9 SET Y TO ZERO
10 SET Y=IMPULSE
11 SET Y=STEP

0 1 1ENSlot% X (4.),9Y (1)

IF (IOPT.EQ. 0) IOPT=9
00 33 K=1NPT
IF (ICPT.E'.i. OR.O1PT.EQ.2)Y(K)=X(K
IF(ICPT.E.].3) Y(K)-Y(K1-X (1)
IF (ICPT.EO. 4) Y(K) -Y(K) +X (1)
IF (IOPT.GE.9) Y(K) 0.0
IF (IOPT.E]. 11 )YM()=1. 0
C ON T I 'iL

IF(ICPT.-EA22) WRITE (6,6) (Y(K) K=ltNPT)FOR'i.T (QX,10G12.5)

IF(IOPT.E.-1.1)Y(1)=±.a
E Tc rN

ENO
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SUBROUTINE: ZTOS

PURPOSE: Given the z-domain transfer function H(z) this routine
computes the equivalent s-domain transfer function H(s)

EQUATIONS: Hz) H(s) Impulse invariant if IZTS=O
Pulse invariant " a
Trapezoid invariant " -2

ROUTINE VARIABLES

B Vector of denominator parameters
A Vector of numerator parameters

Comment - unfortunately, these names are opposite
to the convention used in the rest of the report.
However, the reader need not be concerned about
this unless he wishes to study this routine; in
the latter case, he should bear this in mind.

N Order of the transfer function

DELTA Sampling interval

IZTS Option for type of conversion (see above)

FURTHER DESCRIPTION:

See Gold and Rader, or Oppenheim and Schafer, or
Stanley for the theory of z-domain to s-domain
converison.
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SLBIROUTINE 2TCS (B AND %LT A, 1ZTS)

GIVEN THE DISCRETE DE SCRIPTION THIS SUBROLTINE COMFUTES THE
EQUIVAL.ENT CONTINLOUS COm~AI,, OESCRIPTICN OF A .INEi.R DYNAMIC
SYSTEtw
THE INPUT ARAY A AND B ARE FILLED ACCOFOING TO THL DIFFERENCE
-:QUATION

3(l) MUST tQUAL I

PCLES OF Ti-E CONTINUOLS 1OMAIN IUST BE DISTINCT AND NON-ZEpRO
FCR THE TIRNSFORMATICN TO Bc. VALID

LPON RETUR~NING ARRAYS A AND a CONTAIN THE EQUIVALENT COTINOLS
DESCRIPTION STCREO ACCORDING TO THE OIFFERc.NTIAL EQUATION

B(1)*Y(T)+B(2)40(±,Y(T))....+E(N.1)0D(NY(T))

WH;-rEgz D(MF(T)) = ThE tMTH TIr'E DERIVATIVE OF FUNCTION, F

BUN+1) ALWAYS IS I

N =ORJDER OF SYSTEM

N (MAXIMUM) = ONE LESS THAN THE DIMENSION SUB3SCRIPT

12TS=O -- IMPULSE
IZTS1 -- PULSE
IZTS=2-- TRAPAZCIDAlL
CE..TA =SAMPLING INRVAL Z 1/(SAMPLING FREQLLNCY)

COMPLEX CRCA ,CFCGCFICCN1,COIh2,CONT
COMPLZX POLE(20)tZRO(20)
DIMENSION 3(:),A(1),TEMP(20),RR(20) ,RI(2G),CR(2OhCA(201,CF(2G)-

iCG (20) COF1 (20 ), ZR (20 ) ,ZI (20 )
COMMON /IO/IR.,ILTIPR,.ITPRIZPRIROUNO,IPLT
CONT=Go0OG0

IF (A (NPI) ) 4.0 L19 41G
.4 2 ICHE-C<=2

GO TO 4.01
IClcCK±I
GjO TO 4.0G

L CONT= ,NFL I/!; (N~l)

A ( 1) =4 (I )-CON T#3( 1)

C..- PCLRT(ETEMPN9RR'RIIER)
IF (IT-lRoGEol) WRITE (ILT 9442)IE R
FOR'IAT QX, *GOING INTO PCLRT-)
FORtiT QX, E TURN.ED FRCM FOLP T, IER2*,12)
DO 61I 9"
C R(I)C mp.X (R p( ) ,RI (I)
F( 1) :1. GO 0 /CR (11)

IF !ZPR. GE . I) WRITE (6, 100 2)
2F CRijaT (* Tm'E FPOLE--S OF TmE Z-0 CMAINOI

IF ZP.G.)C-'-L. P RCVQE (C F 9
'&F : Z 1R .L-:)aG TO0 11 C
2 033 [ .

20 ~ :=:* Q 02076 ~~-



C0N2 * .D0 0

CON2=CCNE*CR( (N -.A +? 4t

CI=CON,6 (lo 000-CR()CFJ)
CoNI.TI N' L
CA( I) =COI2/C0NI.
IF( IZTS-1)225,224,230

25 002221=1,N
CA MI=CA (1) /OEL 7A

22 CR(M):C-.CG (CRCM) /DELT A
GO TO 2-16

CON1SlCLDG'(CR( I) I/DELTA
CA(I):CA(IJ.CR(I)4*CON:./(CR(I)-l.ODOO)
CR (II CONI.
GO TO 226

0 ICHtCCK=2
0023II21#N
CONI=CLOG(CR(I) )/OELTA
CON2=CA (I) CR (I) /((1-.0000-CR (I) )( 2.# 000-CR (I)))
CON1T=CCNT-CON42e(1.0000 +CCi1iOELTA-CR (I))
CA (I)CONZCOf,±CCNl*DELTA

- CR(I)=CON.
WRITE (6, 2131)

31 FORMAT((2Xt*TlMc SCALED FCF SCATTER=ER*)
6 WRITE(6,10-04) IZTS

+*IZTS=*, 12)
0 T= .00195 312 5
RDT= OELT A/OT

DO 228 t:x.,N
SSR=-REAL(CRM )-)ROT
SSIzAlMAG (CR( I) )-*ROT
SSi1=CASS (OR (1) ) 4RDT
SSF~z(SSth/692 6318 53)

e WRITE(6,1010) I,SSRSS,'SStqSSFR
IF(IPR.LE*0)GQ TO 14-01

IF (IPR.GE.1)WRITE (6,1003)

;3 FCRMAT(* NUM4rRATOR CONSTANTS OF FA TOFIZE.D H(S)*)
IF(IP~oGEol)CALL PRCVEC(CAN)
00 V.'0 121,N

CALL PC.'.CON(CRCGv0,N)

CAi,. POt.CON (CR,CF1,K,t)
03-.1 ,N
CFfJ)CF(J)CF()CA(K)
-F (NP4 )0. 0000
60 TO'(L0391-G0)ICHECK
CF (Ni: ) zC0N-

CF (I)Ci7 U) CONT*CG(I)

C ̂  4T '4LWG O52
1;: ~~ ~7 L I) ' TC 2



F IND0 Z-;'RO0S

0O 507 I=.,NP1
07 A(!) =CF (I)

NC:0
00 51.0I=,F

IF(13S (A(D) ) GT. 1.D-6eNC=I-1
Ic CONTINUE

IF(NC.EQ.O)GO TO 520

* N23NOi
* AK:A(N1)

DO 515 1:..,NI
L5 A(Ij':A(I)/AK

* CALL PCLRT (A, TEMPNCRR,RIqIER)
0O 517 I1,NO
ZR (I)=RR(I)

ZRO(I)=Ct'P;.X( ZR (I) ,ZI (I))
.7 CONTI:NLE

IF (IPR.GE.2)WRITE (6,1007) AK

07 FORMAT(* ZEROS OF H(S), ?NUMERATOP CONSTA4NT =*,i13*6)
IF(IPR.GE.Z)CALL PRTVEC(ZRONO)

0 CONTINUE
* DO020I1,1NP.1

8 (I):CG(I)
A (I)=CF(t)
IF (IPR*GE. 1) WRITE (6, 1005)

G5 FCRMAT(* S-DOMAIN DENOMIf4ATOR*)

* IF (IPRoGE.1)WRITE (6,1006)
G6 FORMAT (* S-DO IA IN NUMERATOR*)

IF(IPR.GEo1)CALL PRVEC(A,NPI)
* 01 RETLRN

END
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APPENDIX B

Modeling of a Noisy Test Signal

The signal considered in example 1 of Section IV is

x~k) - y~k) + w(k)f

where y(k) is the impulse response of (1 - 1.92z- 1 + z-2)/(l -2.68z- I +

2.476z-2 _ 0.782z-3) and w(k) is additive white noise. The true signal

of interest, y(k), is shown in Fig. El and the signal under test, x(k), is

shown in Fig. B2.

Given below are the (card deck) input to program POF-FILTER and,

succeeding it, the printer output from the program.

INPUT CARDS

*A-#- ' .~L .. - L. C, ;ZO',Y VS Z CI.-0r--"; .
NPT _ T XS Si6

-:C, ,. .T OT :,--:-Z

i! ]C CJ -- =- L - .6CL -0.T6e;GL':

iP :i' IS :' IF:X '.~:x -- .-:.C: -OF-:..cT:C S--

- - . . .. '- C . -
2-1 '-S-: .] ' - " 1/

I: I iM I S, i-3- - C' C,--
2-.

2-: -
Ip 1 S-. :F:,- ,=7 cY. :::cq --

IP? !FL>, iS;:, I,'=z (,: -- - *':. • CV--
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0 
_

8 True impulse response

-y(k) 
1 - 1.92z- + z 2

1 - 2.68z- l+ 2.476z-2+0.782z 3

0

Eno

(1)0

0

d y(k)

C0 Oi. a1010 '
k0--
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8 SIGNAL UNDER TEST

a true signal + noise

- y(k) + w(k)

0
o(see Fig. 81 for y(k))

cz

z0
Ci

0

0N xoab1,0k)

k --

Fig. 82. A simulated noisy signal under test
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PRINTER OUTPUT
- ' - 1. -C. Z Or. VS :S ,CI -OF-:,5.

I= " ~ ~ 1 - ,° = ~ x -- t'z -. O . ( .TI C:;I-

TI , . -A .F, IX -T= c--- a 6. )

2* -32 116 1.!c. -

3 1 a -- 4 .3cC 7215.~"
3 v .7 2 . 3 * 233 .3 0 G 3. 57Z
13 >-' 5. 00i.572 2_., 8.2-

W.VLFC9-; '::) , SC L -l ZY Y'4tl t. G i
STF (Z)/ACZ (FMX: Gu J.E1+0

. ,-G.3 35 2.40737 -. 757 30
1.001 4.

5 R.' TIC= .:bb-s, 1

7,;, 5;,.:,, L- ,.(.. C 3. ZAS i Z'4 34 20 62 1 o)

. 4 .2 2 2 £  . 57 .25S .; 75 E .2437 . E o218 3 .3 .5 .-"4

CU4-. .C.2 -.2 7 -. 6 6 -. Ga5' - - *'," -.077" t Z- C 7-. 331-.. 7L 1.. O : • 5, . 6707 .G7S 5 .67 7, .064 . 5 15 .l Z 7

G- 3e,. -Z30-, . n 4 -6 -.04. 7 4"7 C3,.;- 5

-u 33 - & G i .r u , Li 2Z -e ,u 27E .c~ 1 ,032!, , 3G 7 Z 2 6' -

.0173 .O-C32 -. gC - -. 9 1 -. 0172 . - -. 2 19 . G2 1 - C!".5 C. 1416

- * I• .ii i - .i.75.. 97 0,3o .3 el . :3 " - OO { -.0:0 -.2 & - * O ,: -. G -. 0d35

-Z .4 -5 6.O or-. .007 6 .0 C!. .-- 3 .Z 2 5 .005
-...._ .2 3" . -7 .C 5Z- .C-5 ."OL .43257 -502 -.30Z ' J.0uL

-,0 -, -. 7 - 3 54.  - C' Z -, Z 46 -,32 0 - 0 1 -;7 -, 0 5 . j ". ,0o

. . -. 5 -.0,2 3.±5 .0u.? .C305 .0' .00:.. .0:7C. 7 q .2 G u .  - 7 0 0 4 6- . Z I -j 0 0-S .00 o, 6

- I -. 3-7 .  -. : 7 .o 22 C !3 .026; . -. .Z' i 17

7~ -7 S4 K:3 1-Z
- ... 77 .: .. .%:b .c .. c *L . ". .352- - -7 - .,,57 -

7 .7 5.:oE_. -. J- . 7 . , 7 L4 3 06.,Ju2~ n . .3 -7 -. 3 E .C - .. 276 -. -2 .J 7 -. :5 -. LS ,

''.6." -7 c z I2 Z..
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F -: Z T S-: -

F:- = .,5 7 17 2Y--0
F .r' .;72- . . 57: > .F 52 3 - :-C, : ":77..'-

. -~2 7 2 7. Z , 3.:2 €(- - ,

7 3.3C3 c0 57E
6T. i- E: .. 8 0 .5 7"z .: E .24

3 2 GL7 ,Z . - 4, 7 4.4 . 1. 70 L a2 0 .

-C- OZ ;

J, S CO.:T . ," :7"Z " 3 . , .
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APPENDIX C

MODELING OF A SCATTERER RESPONSE

The signal of interest is the recorded response of a conducting

pipe, considered in Example 2 of Section IV. On site digital sampling of

the response was carried out as follows:

k=O to k-300 Sampling interval - 0.390625 ns

k-301 to 302 " - 0.703125 ns

k-303 to end " =1.953125 ns

For analysis purposes we resampled the first 300 data points by

picking up every 5th point; the remaining data were used as such to gather

a total of 245 data points. Note that we have ignored the intermediate

sampling rate of the original data points 301-302.

The reconstituted signal was shown in Fig. 12 by the solid line.

Two runs will be presented below. First pertaining to the signal

obtained above (from original data). The second pertains to differentiated

(actually, differenced) signal produced from the resampled response (Fig. 13).

Given below are the (card deck) input to program POF-FILTER and,

suceeding it, the printer output from the program; first for the signal

itself and next for the differentiated signal.

INPUT CARDS (RESAMPLED SIGNAL)

N, C)'.O CF X ,,i* -S
N"T ~C "- -. T .1 r ]: E

7_ -7C I ... 7TO " t = -

Co /I .*-7.- v'- .,*7•,* ,-".1.5' ..32;:- .C".43-, • 71 - 0,.

33.,•~ ~ ~ ~ ~ ~ ~ ~ ~ ~~~~~~~~~~~2 7-- :7 . 7. : .• 7=;. :-. 57 1o " .1/ 1";
. " . ' "." . ...; : - . '." . ' '': l~ l • ",7 :: . .S,'7 " .:, . . . " 5 - " 7 = • I

- .L ..- , -'.-: -77_ , -- L , -'5 -- ." .. -7' 3 : , = r z- ' . - .



u 5 -7-- o ,27 o5 3. : ,, j . - = 7 , .775-, E .' - 3 .7 3 71-, 7 a-o 2 5

.,,.57:'-.,5,5.' . 7; 3- G J7 i5 4-.. 7 1 F-.." , v 0 71347" . '- 7 - 3o : 5

0 - 2 Q- - c - . .' JS2 6- -13. 2i . ,

- - C,. , , 1L ."-oG -=5-.U. _:J.7 7- . 76- Z- . 7- ? 5- E , J - .J2776C
° " . r5 .. -. : . . , 65 1 5J ,.7-. 2'. -. 3- . 5 6 72Z
-C 57 .J L -. - 'j ] 7-. 1.5 0-. O "J 5 - C 5 -5" - --j073-. 5 5 5 2 -o 5 J -. G5-.,2:

- u -. -.j -

-. ,.:r. :] 05:J . .]" - .-, . 77 7". - , 3- ° 3- 7- ... 7oZ - .b 6'.-. 3 .325-. 0 J3 '6

I? 3 EE - 0 7x J -"( I-C 7 3- 0 :6 3 1:J- . Z C - 1 -C C 2
-. 4-- - ,71, . :. . - Z 5 E - 6 7 1- .0 E 6- 7457-. 2,- . 4-. 2 7 463-.C Z 5 Z

-. 3,r:-. _ ; . E 3-- 3-. 2. c7 - G ZO 75" . L g 5-". 1 3 45° 0. 1 ';1' -. 0 1--'64 2-.O 13

PRINTER OUTPUT (CONDUCTING PIPE RESPONSE ANALYSIS)

5,::lS CF - -C T. -:10.

i~ 2=. IS--h, :~:x h;;I i ii;.S 1_=c :.FT -. 0tC , L F F,.. !Y IN=,S, -H 1.NC .O

.6 li ; iG 7 :- 5 5 0

.- , . -; 3 ' -- 1 4.

CJ. i- j;- C .35E- : .3 .. 5-C' .2 --5L

J;, sTc .221-5- T .2F-- J., : NT 1

J,i ,:T.S. 4 JT,S':- 3 O "*JX.'-=. .77ri J8 .:3E-G7

.RIT.E OUTPUT .O U I PP R P S A L S

- ,,J , -- ;0 5,_5 5 - .2.-5 5C-E- L -3 C . C -2 C .. 6
.3 51 '05

• ~ ~~~~~ S:.,7 3':.' 5 5..G ] !. L.

J S .. " .2 .. "" . :
o -. S I, T Sl E w 2 5

j C' T -, 2,--;. 5 L " .27-: 5 a, C ..3 6

, T . -:2 .- . 3 7 7 +0e3:- -. --'7

- -,. 7 : .7* .
"  

;7 ,' :" ,7*.

S-3 T" T .... L)-- T.71 u,-
-L 7" Z , T :_ T, j Z- Z ' ', -. ,;( X$ -., --t,' 0 ,.7 5, ; .7+, ' . " ,)

.- 7 031 2'5 5G ' 72 5 2



INPUT CARDS (DIFFERENTIATED SIGNAL)

F;" 7-,.T .T K -. ,2. : C T TT. r ,

i6. u- *i4,"; .. , -7T ",-S C

c "7 3 .3:, .cZ 3 2 2 7 773 i. 5,C .727EO .;.. 7O2"
•~~~ ~ .. 7C . ,:-1. Cg. ., , ,-,Gj: ,243C G2 " -' 6 5 - 0-.0 ,3

L.7 r 24 7 6 -2- . 2

-57*.. ,*2-7,-. C7-. _ e;',L ,'5-.272:C-.C",3,:;.i-.a,:.7-2- . 71 --. : ZTu - , 7=Z
7 -i Z E 3- . " 5 -, "  - 5-- C 3 - -- ,3

- 7 u': , C . u C 3 C7 ". . L 73 76 C 0 E) 2- 4.,5 7 9 J
' --. 3C72 . . -".> 32 .5 -C 1 7 .7.,'3ij. C .,;7370C .0 2.1 . 075 '"6 0

43: 7 3 -o - . - - - - 5 L3j 7

7 -,. , 7 i: ,75 :, ' .5725-. , 7 7 0 ,-,3 1,:7r.. . 1 6 7u' 1G, 55 °-23 6 0 ,05 77 0

1 7 -; - L2i64 531

eiJ. . -,i ,' . .5 7 - ,57 0, --, i 0 - 6.Z
- 7 14 IL7 -- '.7 G . ; ' : -,. U' 6 oZ -3 '- 67,2,

1:7 . -2 G 3 ,Z "6 i5 5 77, C1 C;:.. 75.5 f .. 5 4-1,. ,z 3-.. ' 1 L 5 7 3 J , 5 2 C
C57:u~~~~~~ ,,16-, 3.. - 5 "5-6 L ,5L.5r,3 = 'G- (G" ']

5 . U 1 'U 3, ,, C 5 - - ' ::- - - 5 - - - 3- 5 L- 2

u- 2- 0' - J 7 1 G' u

"i -; ,C ; (. - 7 2 . 7 ,. C 12 1-- i 2 3 0LIQ y. .4 PG . :_ T -T . . " ;0. 5 ,Or .3-.' L '.

.. . . .~~ ~ u C . L "50 "h ' 5
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PRINTER OUTI

~T

J. I SC-J. TI

Js O ~T .S.k JT

J9 I:. T T N.Z

J," 1 , T , .t!T

G;S

11 7 - 1

.. 27)



PRINTER OUTPUT (DIFFERENTIATED SIGNAL)

13 0:. T -Z c3 *37s* *7 3

J, n- ClT s.. ars:& 2 c It,. 43 Z Lj .35.--G3

J, r GO: cT S r 3 c 4 23>u .2-. -
T, 9, (O.Sv'J. T S: 5 C 4 ac0 -3

J9,I 31,CD..T 4s 4 *7-. 2 61...- -6
J~vI (1.TSt!':T tS: 5 C 6zv0

ST.: TI ZM. ZZT A=.Zc:C
.6 C35.2*j ?'c - -14 -3 a" e L

e . -. 3.A 3.552 512711
u 015 3 So~ :,3,+ 6, ZZ. 5 35 6.32- .4.6

7 -: 1 -746 7..0 345 55'.

:;T 1 4.5C5CT
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